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Abstract. Therearenumerousapplicationswherewe have to dealwith temporaluncertaintyasso-
ciatedwith objects. For example,financial predictionprogramsoften usecomplex objectmodels
and are parameterizedby time anduncertainty(e.g.,whenwill a givenloan default?). Likewise,
in transportatiorlogistics, object modelsare usedto describeobjectsinvolved in the transporta-
tion procesqe.g.,vehiclesandshipments)anddetailedprobability distributions exist on shipping
anddelaytimes. Thus,in suchapplicationsthe ability to automaticallystoreandmanipulatetime,
probabilities,andobjectsis important. In this paper we proposea datamodelandalgebrafor tem-
poral probabilisticobjectbases.The datamodelallows usto associatevith eachevente a setof
possibletime points T, andwith eachtime point ¢t € T', aninterval for the probability thate oc-
curredat t. We distinguishbetweenexplicit objectbaseinstanceswherethe setsof time points
alongwith their probability intervals are simply enumeratedandimplicit ones,wherethe setsof
time pointsare expressedy constraintsandtheir probability intervals by probability distribution
functions. Thus,implicit objectbaseinstancesare succinctrepresentationsf explicit ones;they
allow for anefficientimplementatiorof algebraicoperationswhile their explicit counterpartsnake
definingalgebraicoperationseasy We definethe algebraicoperationof selection restrictedselec-
tion, renaming projection,extraction, naturaljoin, Cartesiarproduct,conditionaljoin, andthe set
operation®f intersectionunion,anddifferenceon both explicit andimplicit objectbaseinstances.
We shav thateachoperationon implicit objectbaseinstance<orrectlyimplementsts counterpart
on explicit objectbasenstances.
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1 Intr oduction

Objectdatamodels[1, 5, 36, 4] have beenusedto modelnumerousapplicationgangingfrom multimedia
applications[1112], financialrisk applications[1]} andlogisticsandsupplychainmanagemerdpplications
[2], weatherapplicationg14] aswell asmary others.Many of theseapplicationsaturallyneedto represent
andmanipulateébothtime anduncertainty

¢ We first considera transportatiordogisticsapplication[8, 2]. A commercialpackagedelivery com-
pary (suchasUPS,Fede&, DHL, etc.) hasdetailedstatisticalinformationon how long packagesake
to getfrom onezip codeto anotherandofteneven morespecificinformation(e.g.,how longit takes
for apackagdrom onestreetaddresgo another) A compaly expectingdeliverieswould lik e to have
someinformation aboutwhenthe deliverieswill arrive of the form “the packagewill be delivered
between9am and 1pm with a probability between0.1 and 0.2, and betweenlpm and 5pm with a
probabilitybetweer0.8and0.9” (here,probabilitiesaredegreesof belief abouta future event,which
may be derived from statisticalinformation aboutsimilar previous events). Suchan answeris far
morehelpful to the compary’s decisionmakingprocessethanthe blandanswer‘lt will bedelivered
sometimegodaybetweer® amand5pm”. For example,it helpsthemschedulgersonnelpreparere-
ceiving facilities (for hazardousnaterialandotherheary materials) preparefuture productionplans,
etc. In addition, the differententitiesinvolved in suchan applicationaretypically storedusingob-
ject models— this is becausaifferentvehicles(airplanestrucks, etc.) have differentcapabilities,
andbecausdlifferentpackagegletter, tube,hazardousnaterialshipmentdor commerciakustomers,
etc.) have widely varying attributes. The shippingcompay itself hasextensve needfor suchdata.
For example,the company would needto querythis databaséo createplansthat optimally allocate
and/oruseavailable resourcegspaceon trucks, personnelgtc.) basedon their expectationsof the
probableworkloadat futuretime points.

¢ Weatherdatabasesystemgsuchasthe Total Atmosphericand OceanSystemor TAOS systemde-
velopedby the US Departmenbf Defense)useobjectmodelsto representveatherdata. Time and
uncertaintyare omnipresentn weathemrmodelsand mostdecisionmaking programsrely on knowl-
edgeof thiskind of uncertaintyin orderto make decisions.

e There are numerousfinancial models[3, 10], which banksand institution lendersuseto attempt
to predictwhen customerswill default on credit. Suchmodelsare complex mathematicamodels
involving probabilitiesandtime (the predictionsspecifythe probabilitywith which a givencustomer
will default over a given period of time). Furthermore modelsto predict bankruptciesand loan
defaultsvary substantiallydependingiponthe market, thetype of creditinstrumentconsumecredit
card, mortgage commercialreal estateloan, HUD loan, constructionloan, etc.), the variablesthat
affect the loan, variousaspectsaboutthe customeretc. Suchmodelsare naturally representedia
objectmodelsandtime anduncertaintyparameterizeariousfeaturesof themodel.

In this paperwe proposeatheoreticafoundationfor objectbaseghatallow for representindpothtemporal
dataandprobabilisticuncertaintyandthusin particularalsoprobabilisticcemporalindeterminag. Weillus-
tratethe useof our modelon a simplified transportatiorogistics examplewhich runsthroughthis paper.
Themaincontritutionsof the presenpapercanbe summarizedisfollows:

o We definethe conceptof a temporalprobabilisticobjectbase(TPOB for short). In particular we
introducethe notion of a TPOB-schemaandwe definethe importantconceptof (explicit) TPOB-
instancesover a TPOB-schemaSuchTPOB-instancesepresent probabilisticstatemenbver a set
of time pointsby simply enumeratingll time pointsalongwith their probabilityintenals.
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¢ Wedefinealgebraicoperationghatoperateon TPOB-instancesWe defineselectionyestrictedselec-
tion, renaming projection,extraction(a nen operation),naturaljoin, Cartesiarproduct,conditional
join, andthe setoperationsof intersectionunion, anddifference. We remarkthat the operationsof
projectionand Cartesianproductare simply extensionsof their counterpartdrom the classicalre-
lational algebra,while all the other operationsare full-fledged comple-object operations(as they
addresghe“inner” component®f objectvalues).

e We introducethe notion of consisteng for TPOB-instancesnd a relatednotion called coherence
andshav thatunderappropriateassumptionsall our algebraicoperationgpresere consisteng and
coherencef schemasndinstancestespecirely.

e The TPOB-instanceslescribedabore areexplicit in the following sense.Givenanevente, for each
time point ¢, an explicit TPOB-instancd specifiesa probabilityinterval' describingthe probability
with which evente occurredor will occur)attime¢. Thoughexplicit TPOB-instancemakeit easyto
formally definethe variousalgebraicoperationsthey cansometimese very inefficient from a space
point of view (andhencealsoinefficient from the point of view of computingalgebraicoperators).
For example,if acompany wantsto recordthata particularshipmentwill arrive sometimebetween
8amand5pm on day D, andthe temporalgranularityusedis secondsthenwe needto make this
statementor eachof the9 x 60 x 60 = 32,400 secondbetweerBamand5pm. In orderto avoid this
problem,we definethe conceptof animplicit TPOB-instancelmplicit TPOB-instancesepresent
probabilisticstatemenbver a setof time pointsby a probability distribution functionin combination
with a constraintwhich specifiesthe setof time points. Hence,implicit TPOB-instancesllow for
an efficient implementationof algebraicoperationswhile explicit TPOB-instancesnake defining
algebraicoperationgelatively transparent.

¢ We shaw thatthereis a translations thatmapsanimplicit TPOB-instance to an explicit onee(I).
For eachalgebraicoperationon explicit TPOB-instancesye definea counterparbnimplicit TPOB-
instancesAs they work on succinctrepresentationshey have bettercomputationaproperties.

e Weshaw thatthealgebraicoperation®©nimplicit TPOB-instancesorrectlyimplementtheir counter
partson explicit TPOB-instancegthatis, the answergproducedy the operationonimplicit TPOB-
instancessuccinctlyrepresenthe answergproducedby the operationson explicit TPOB-instances).
Figurel providesa diagrammatigepresentationf whattheseresultslook lik e for unaryoperatorga
similar figure canbe shavn for binary operators).For unaryalgebraicoperatorsp, the correctness
theoremsareof the form e (op*(I)) = op®(e(I)). We useop® (resp.op®) to denotetheimplicit (resp.
explicit) versionsof the operatorop. A similar kind of correctnessesultholds (andis shavn in the
paper)for binaryalgebraicoperators.

The restof this paperis organizedas follows. Section2 provides an overviev of relatedwork. In
Section3, we introducesomebasicdefinitions. Section4 presentghe notionsof TPOB-schemaand of
explicit TPOB-instancesln Sectionss and 6, we introducethe unary andbinary respectiely, algebraic
operationson explicit TPOB-instancedn Section7, we shawv thatthey presere coherencendconsisteng
of schemasndinstancestespectiely. Sections8 and9 defineimplicit TPOB-instanceandthe algebraic

!Asin thecaseof [31, 19, 20], our modelusesinterval probabilitiesratherthanpoint probabilities. The reasonsarethree-fold:
First, probabilityintervalsarea generalizatiorof point probabilities,andthuscanhandleall point probabilities.Secondthey allow
expressiorof impreciseprobabilisticknowledge.For example,it is possibleto saythataneventoccurredattime ¢ with probability
p with amamgin of errord, denotingthatthe probabilityof e occurringattimet liesin theinterval [p — §, p + 8]. Hence probability
intervals arebettersuitedespeciallyto represenstatisticalkknovledgeandsubjectie degreesof belief (cf. [30]). Third, evenif we
know a point probability for two eventse; andes, in generalwe canonly infer a probabilityintenal [7] for the conjunctionand
disjunctionof e; andes (unlesswe male additionalassumptionsuchasindependence).
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Figurel: Correctnessheoremscommutatvity diagram

operationson implicit TPOB-instancestespectiely. Section10 containsdirectionsfor future work and
concludeghepaper Notethatthe proofsof all resultsaregivenin AppendicesA andB.

2 RelatedWork

To ourknowledge thisis thefirst paperontemporabrobabilisticobject-orientedlatabasethoughit derives
heavily in inspirationfrom [18]. Thereis extensve work in theliteratureontemporaldatabaseandtemporal
object-orientediatabase&f. [34, 23, 43, 42]). Probabilisticextensionsof relationaldatabasearealsowell-
exploredin the literature;seeespecially[31, 20] for more backgroundanda detaileddiscussiorof recent
work on probabilisticrelationaldatabasesRecently more complex datamodelshave beenextendedby
probabilisticuncertaintyin a numberof papers.In particular Eiter et al. [20] presentedan approachthat
addsprobabilisticuncertaintyto complex valuerelationaldatabasesyhile Kornatzk andShimory [25, 26]
andEiter et al. [19] describedapproacheso probabilisticobject-orientediatabasesOur approachin this
paperis a temporalextensionof the modelby Eiter et al. [19]. In addition, this paperintroducesa nen
implicit datamodelandanimplicit algebrawhich correctlyimplementsts explicit counterpartandwhich
can be more efficiently realized. Moreover, the two operationsof restrictedselectionand extraction are
brandnew.

Thereis, howvever, very little work ontheintegrationof temporalreasoningandprobabilisticdatabases.
In particular Dyresonand Snodgrassn their pioneeringwork [18] andsubsequentipekhtyaret al. [13]
presentedpproacheto temporalindeterminag in relationaldatabasebasedon probabilisticuncertainty
Dyresonand Snodgras$18] extendthe SQL data modeland querylanguage by probabilisticuncertainty
ontime points. They addindeterminatéemporalattributes(which have indeterminatenstantsasassociated
values)to SQL. Indeterminaténstantsareintenals of time pointswith associategrobability distributions.
The SQL querylanguageis extendedby a constructto define ordering plausibility which is an integer
betweenl and 100 that specifiesto which degreethe result of an SQL query should contain uncertain
answergwherel meanghatary possibleanswerto a queryis desired,while 100 saysthat only definite
answerdo a queryaredesired).Moreover, thereis a constructto definethe correlation credibility, which
specifiessimple modificationsof the probability distributions in the baserelationsbefore evaluatingthe
selectionconditionin SQL queries.DyresonandSnodgrasalsodescribesfficient datastructureandquery
processinglgorithmsfor their approachDekhtyaret al. [13], in contrastextendtherelationaldatamodel
andalgebra by temporaindeterminag basedn probabilities.They defineatheoketical annotatedempoasl
algebra onlargeannotatedelations andatempoal probabilisticalgebra onsuccinctempoal probabilistic
relations They shav thatthe latter efficiently and correctlyimplementsthe former They alsoreporton
timingsof thetemporalprobabilisticalgebran a prototypeimplementation.
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Thereis furtherwork on nonprobabilistidemporalindeterminag in databasedn particular Snodgrass
[39] modelsindeterminag usinga modelthatis basedon athree-waluedlogic. Moreover, Dutta[17] and
DuboisandPradd16] proposeafuzzylogic approacho temporaindeterminag, while Koubarakig§28, 27]
andBrusoniet al. [9] suggestpproachebasedon constraints.Finally, Gadiaet al. [21] introducepartial
temporaldatabasesyhich arebasedn partialtemporalelements.

Ourwork in this paperis perhapslosestin spirit to theabore work by Dekhtyaretal. [13]. Theideaof
having anexplicit algebraon large instanceswhich is efficiently andcorrectlyimplementedy animplicit
algebraon succinctinstancesis inspiredby their work. Our work, however, is an extensionof the much
richer object-orientedlatamodelandalgebra,ascomparedo the relationalalgebra. Thus, our work may
beviewedasageneralizatiorof theoneby Dekhtyaretal. [13].

Thework by DyresonandSnodgras$18] is alsocloselyrelated but differsfrom oursin severalways.
First,we presentnextensionof object-orientedlatabasesyhile theirapproachs anextensionof relational
databasesSecondwe make no independencassumptiondetweenevents(the users querycanexplicitly
encodeher knowledgeof the dependenciebetweenevents,if ary), while Dyresonand Snodgrassassume
thatall indeterminateeventsare probabilisticallyindependentrom eachother Third, our work introduces
analgebrawhile their work definesan SQL extension.Fourth,we presenformal definitionsof important
notionslike coherenceand consisteng and shav that underappropriateassumptionspur operationsall
presere coherencandconsisteng Fifth, we allow for interval probabilitiesover solutionsetsof temporal
constraintswhile their work allows only for precisepoint probabilitiesover intervals of time points.

Ourwork is alsorelatedto datamodelsandalgebraicoperationgor comple objects[1, 37,44, 41, 40,
6]. Ourwork is a strict extensionof the algebrafor complex valuespresentedy Abitebouletal. [1]. As
in the caseof Shav and Zdonik [37], Vandenbar and DeWitt [44], andBonczet al. [6], our datamodel
supportghe type constructorgor setsandtupleson elementarydatatypesLik e them,we alsosupportthe
algebraioperation®f selectionprojection join, union,intersectionanddifference However, unlike them,
we donotsupportthetype constructorgor arraysandmultisetsasin [44], userdefinedabstractatatypess
in [37], andclassesselementarydatatypessin [6], andaggrgateoperationsandnext/unnestoperations.
Of course our work involvestime andprobabilitiesthatarenot consideredn thesepapers.Extendingour
work to suchtypesandalgebraicoperationdgs aninterestingtopic of futureresearchThe nestedelational
algebradescribedn [41] is a functionallanguagefor complex objects,which alsoallows for definingthe
high-level algebraicoperationf selection projection,Cartesiarproduct,intersectionanddifference41].
Finally, Subramaniaret al. [40] describean object-orientedquery algebrafor lists andtrees. They also
presenta predicatelanguagefor lists andtrees,which supportsordersensitve queries,asit is basedon
patternmatching. Suchalgebraicoperationsarein somesenserelatedto our extractionoperation,which
extractsa subhierarchyrom the classhierarchyof atemporalobjectbase.

3 BasicDefinitions

We now recapitulatesomebasicdefinitions.We first recallthe notion of a calendardueto Krausetal. [29],
which senesasatemporalatomictypein our model. We thendefinetypesandtheir values.The setof all
valuesof atype 7 is alsocalledthe domainof 7, denoteddom(r). We first introduce(non-probabilistic)
classicaltypesandtheir values. We thendefineprobabilistictypesandtheir values. Finally, we describe
the conceptof a probabilisticstratgy, which is usedto combineprobabilisticinformationin our algebraic
operationsn Sectionss and6.
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3.1 Calendars

We now recallthe conceptof a calendardueto Krausetal. [29]. Intuitively, a calendarconsistsof a finite
sequencef time unitsanda predicatespecifyinga setof valid time pointsover this sequencelt is usedas
anelementargtemporaltypewith the setof all valid time pointsasassociatedlomainof values.

We first definetime unitsandlineartemporalhierarchieswhich areessentiallyfinite sequencesf time
units. A timeunitT = (N, V) consistof anameN andasetof timevaluesV'. We oftenuseN torefertoT'.
A linear tempoal hierarchy H =77 J ... O T, consistf afinite setof distincttime units {71, ...,T,,}
andalinearorderd amongthem. Thefollowing exampleillustratesthe abore concepts.

Example3.1 T, = (year, {0,1,...}), Try = (month,{1,...,12}), andTy; = (day,{1,...,31}) aretime
units,while T, 3 T,,, 3 Ty, or year 3 month Jday, is alineartemporalhierarchy O

A lineartemporahierarchyspecifiesa setof time points,while a calendaadditionallyspecifiesasubset
of valid time points.More formally, atimepointover H =77 3 ... 3T, isatuple(ty,...,t,), whereeach
t; isatimevalueof T;. We denoteby < i thelexicographicorderonall time pointsover H, whichis defined
by: (s1,---,8n) <m (t1,...,t,) iff someie {1,...,n} existssuchthats; = ¢, forall j € {1,...,i — 1}
ands; < t;. We use<p to denotethereflexive closureof <. A calendarC = (H, P) consistf alinear
temporahierarchyH andavalidity predicateP, which specifiesanonemptysetof valid time pointsover H.
A calendais finiteif thesetof all its valid time pointsis finite. In therestof this paperall calendarsrefinite
unlessspecifiedotherwise.Thereadeiinterestedn how to specifyvalidity predicatesnay consult[29]. We
give anexampleto illustratethe conceptsof time pointsandcalendars.

Example 3.2 (1997,1,31) and(1997, 2, 31) aretime pointsover H = year Jmonth Jday. In acalendar
C = (H, P), thevalidity predicateP maynow characterizéheformerasvalid andthelatterasinvalid. O

3.2 ClassicalTypes

A calendarr is a tempoal atomictype whosedomaindom(r) consistsof all the valid time pointsof 7.
The setof classicalatomictypesis 7 = {integer, string, Boolean, float} with the usualdomains.We also
assumehe existenceof somearbitrarybut fixedset.A of attributes,which areusedto referencecomponents
of valuesof tuple types(in a similar way asattributesin relationaldatabaseschemasreusedto reference
fieldsof tuples).

Classicaltypesareeitheratomictypesor complex typesconstructedrom atomictypesandattributesby
usingthe setandthetuple constructarWe formally defineclassicaltypesby inductionasfollows:

¢ Everyclassicahtomictypefrom 7 andevery temporalatomictypeis a classicalype.
¢ If 7isaclassicatype,then{r} is aclassicakype (calledclassicalsettypd.

o If Aq,..., Ay arepairwisedistinctattributesfrom A4 andr, ..., 7, areclassicatypes,
then[A;: 7,..., Ag: 7x] is aclassicatype (calledclassicaltupletype.

We give someexamplesof classicakypes.

Example 3.3 Consideranapplicationmaintaininginformationabouthow long it takesfor packageso get
from onelocationto another Suchan applicationmay be usedby a packagedelivery servicelike DHL,
Fede, or UPS.TheattributesOrigin andDestination may be definedover the classicalatomictypestring,
while the attribute Contents may be definedover the classicalsettype {string}. A classicaltupletypeis
[Origin: string, Destination: string, Contents: {string}]. O

Thevaluesof classicatypesareinductively definedasfollows:
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e Forall classicalatomictypesr € T, everyv € dom(r) is avalueof theclassicakyper.

e If vy,..., v arevaluesof 7, then{vy, ..., v} is avalueof theclassicatype{r}.
e If Ay,..., A, arepairwisedistinct attributesfrom A andwv, ..., v, arevaluesof ry,..., 7k, then
[A1: v1,..., A v isavalueof theclassicatype[A;: 7y,..., Ag: k).

Somevaluesof classicakypesin the PackageExampleareshavn below.

Example 3.4 Boston is avalueof the classicalatomictypestring, while {pens, books, camera} is avalue
of {string}. Moreover, [Origin: Boston, Destination: New_York, Contents: {pens, books, camera}]isavalue
of [Origin: string, Destination: string, Contents: {string}]. O

Obserne thatthe above classicaltypescanbe easilyextendedto alsoincludethe type constructordor
lists (i.e., orderedsets)andbags(i.e., multisets)in additionto the setandtuple constructors.

3.3 Probabilistic Types

Probabilistictypesareusedto encodeprobabilisticinformation. They areeitheratomicprobabilistictypes,
or comple probabilistictypes constructedrom classicaltypesand atomic probabilistictypesusing the
tuple constructarWe formally defineprobabilistictypesby inductionasfollows (obsere thatthe setof all
probabilistictypesincludesall classicatupletypes):

e If 7isaclassicakype,then[r] is aprobabilistictype (calledatomicprobabilistictypg).

e If Ay,..., Ay arepairwisedistinctattributesfrom A andry, . . . , 7, areeitherclassicabr probabilistic
types,then[A;: 71,..., Ax: %] is a probabilistictype (called probabilistic tuple typg. We call the
attributes A, . .., A; its top-level attributes

Thefollowing exampleillustratesthe concepiof a probabilistictype.

Example 3.5 In thePackageExample theattributesDelivery andSTOPone maybedefinedovertheatomic
probabilistictype [[time]] andthe probabilistictupletype [City : string, Arrive: string, Shipment: [time]],
respectiely, wheretime is acalendard

Thevaluesof probabilistictypesareappropriatelftypedrandomvariables.We definevaluesof proba-
bilistic typesby inductionasfollows:

¢ A valueof anatomicprobabilistictype [7] is afinite setof pairs(v, [I,u]), wherev is avalueof 7,
andl,u arerealswith0 <! <u < 1.

¢ A valueof aprobabilistictype[Ay: 11, . .., Ag: 7] isof theform [Ay: vy, . .., Ag: vg], wherevy, ..., v
are valuesof 74, ..., 7;. Givenavaluev = [Aj: vy, ..., Ag: vg], we write v. A; to denotey;.

Intuitively, a probabilisticvalue v = {(v1, [l1,u1]), .-, (vn, [ln,un])} Saysthatv’s valueis exactly one
memberof from theset{vy, ..., v,}. Theprobabilitythatv’s valueis v; liesin theintenal [I;, u;]. Thisis
illustratedbelow.

Example 3.6 Lettime bethecalendaoverthelineartemporalierarchyhour 3 minute. An valueof the
atomicprobabilistictype [time]] is {((12, 30), [.4, .6]), ((12, 35), [.4,.6])}. Intuitively it saysthatthis value
is either(12, 30) or (12, 35). The probabilitythatthevalueis (12, 30) is 0.4—0.6andsimilarly for (12, 35).
Similarly, anexplicit valuefor theatomicprobabilistictype [[string] is {(New_York, [.3, .4]), (Washington,

[.5,.6])}. O
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Noticethatfor aprobabilisticvaluev = {(vy, [l1, u1]), - - -, (Vn, [ln, us]) } to beconsistenttheremustbe
someway of assigningpoint probabilitiesto thew;’s sothattheabove constraintaresatisfied For example,
if v={(5,[1,1]),(6,[1,1])} thenthisis inconsisten(asit saysthatv equalsboth5 and6 with probability
1 whichis impossible.Thus,we saythatw is consisteniff thereexists a probability function Pr (cf. [35])
on{vi,...,v,} (thatis, amappingPr: {vi,...,v,}— [0, 1] suchthatall Pr(v;) sumupto 1) suchthat
Pr(v;) € [l;,w;] foralli e {1,...,n}. It isnotdifficult to seethatsucha Pr existsiff [1+ - - - +1, <1<wu +
e +Un-

We canextendthe abore definition naturallyto obtainthe following notion of consisteng for valuesof
probabilistictypes.A valuev = {(v1, [l1,u1]), - - -, (vn, [In, us]) } Of anatomicprobabilistictypeis consis-
tentiff vy, ..., v, arepairwisedistinctandi;+ - - - +1,, <1< w1+ - - - +u,. A valuev of aprobabilistictype
is consistentff all valuesof atomicprobabilistictypesthatoccurin v areconsistent.

3.4 Probabilistic Strategies

We now definethe conceptof a probabilisticconjunction(resp.,disjunction,difference)stratgy, which is
usedin our algebraicoperationsto computethe probability interval of a conjunction(resp.,disjunction,
difference)of two piecesof information,which areeachassociatedavith a given probabilityinterval.

Consideitwo eventse; andey, which have aprobabilityin theintenals [l1, u1] and[l2, us], respectiely.
To computethe probabilityintenal associatedvith thecompoundeventse; A es, e1 V eg, andey A —es, we
needto know thedependencielsetweere; andes (or lackthereof).Forinstancee; ande, maybemutually
exclusive, or probabilisticallyindependentor positively correlatedwhene; impliese,, or es impliesey),
or we may be ignorantof the relationshipbetweene; ande;. Eachof thesesituationsyields a different
way of computingthe probability of e; A es, e1 V es, ande; A —es. More formally, let &/ be the setof all
nonemptysubinterals [/, u] of theunitintenal [0, 1]. Assumethatthe probabilitiesof the eventse; andes
arein theintenals [I1,u1] and[l2, us], respectrely. A conjunction(resp.,disjunction differencé strategy
isafunction®: U? = U (resp.,®: U? = U, ©: U? — U) thatcomputeghe probabilityinterval of e; A eg
(resp..e1 V eq, e1 A —eg) for somefixeddependencieletweere; ande, (or lack thereof).

Lakshmanaret al. [31] give axiomsthat conjunctionanddisjunctionstratgies shouldsatisfy but we
do not repeatthesehere,exceptto saythat our conjunctionanddisjunctionstrategjies shouldalso satisfy
suchaxioms.Tablesl and2 shav someexamplesof conjunction disjunction,anddifferencestratgies(see
[20] for moreexamples).For associatie andcommutatve conjunction(resp. disjunction)stratgies® and
nonemptyintenals [l1, u1], ..., [lg, ug] C [0,1] with £ > 1, we use@le[li,ui] to denotefly, u1] © --- ®
Ik, ux]. For k=0, we define@~_, [I;, u;] astheconstantsl, 1] (resp.,[0, 0]).

4 Temporal Probabilistic Object Bases

In this section,we first introducethe conceptof a schemafor temporalprobabilisticobjectbases. Intu-
itively, aschemaonsistsof two parts. Thefirst is a hierarchyof classesith associatedypes. Thesecond
part specifiesa conditionalprobability If ¢; is animmediatesubclasof cq, this conditionalprobability
specifieghe probability of a memberof ¢, beinga memberof ¢;. For example,c; couldbetheclass‘reg-
isteredletters”andcs could bethe class“letters” In this case we may have a probability of 0.05thatan
arbitraryletteris aregisteredetter

Secondwe definethe inheritancecompletionof a schemawhich addsto every class,all the attributes
(with their types)that areinheritedfrom superclassedrinally, we introducetemporalprobabilisticobject
baseinstancesvith respecto this inheritancecompletionschema.
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Tablel: Conjunctionstrategjies

Mutual exclusion
Positive correlation
Independence
Ignorance

I, u1] ®me [l2, u2]) = [0,0]

l1,U1 Qpe lg,Uz) min(ll,lz),min(ul,UQ)]
I, u1] ®in [l2,uz]) = [l1 - Iz, u1 - ug]

llaul ®i9 [l27u2]) = [max(ll,l2),min(1,u1 + u2)]

|~ —~|~

Table2: Disjunctionstratgies

Mutual exclusion
Positve correlation
Independence
Ignorance

) = [min(1,l; + I3), min(1, u; + us)]
max(ly,l2), max(uq, us)]

Iy +1p =11 -1y, g 4 up —uy - up)
= [max(0,!; + Iz — 1), min(uy, us)]

li,u1] ®me [l2,u2
l1,u1] @pc [l2,u2
I, u1] ®in [l2, us
li,u1] ®ig [l2, u2]

~|—~|—~|—~
~ | — | ——
I

Table3: Differencestratgies

Mutual exclusion
Positive correlation
Independence
Ignorance

l1,u1] Ome [12, UQ]) = [ll,min(ul, 1- lg)]

ll, Uu1]| Ope l2, uo ) max(O, I — ’LLQ), maX(O, Uy — l2)]
li,u1] ©in [l2,u2]) =11 - (1 — ua), ur - (1 — 12)]

ll, Ul @ig [lz, UQ]) = [maX(O, l1 — uz), min(ul, 1-— lz)]

—_— e~~~

4.1 Temporal Probabilistic Object BaseSchema

We now definethe conceptof atemporalprobabilisticobjectbaseschemalnformally, every schemaspec-
ifies a finite setof classe<. Every classc € C hasan associategrobabilistictuple type o(c) specify-
ing the type of objectsin this class. Moreover, every classc € C is associatedvith a partition me(c) of
the setof all its immediatesubclasseinto sets(or clusters)of pairwise disjoint classes. For example,
me(c) ={{c1,c2},{c3 ,ca,c5}} saysthatcy, .. ., c5 aretheimmediatesubclassesf ¢, andthatanobjecto
thatbelongsto the classc canbelongto atmostoneclassamonge; andey, andto at mostoneclassamong
c3, ¢4, andcs. Finally, every immediatesubclasgelationshipbetweenwo classes:; andcs is associated
with theconditionalprobabilitythatanarbitraryobjectbelongsto ¢; giventhatit belongsto cs.

Formally, atempoal probabilistic objectbaseschema(or TPOB-stiemg S = (C, o, me, p) consistof
(i) afinite setof classe<C, (ii) atypeassignment that associatesvith eachclassc € C a probabilistic
tupletype, (iii) a mappingme thatassociatewith eachclassc € C a partition of the setof all its immediate
subclassed € C, and(iv) aprobability assignmenp thatassociatewith every pair of classegc;, ¢) € C xC,
wherec; is animmediatesubclas®f ¢, a positive rationalnumberin [0, 1] suchthatX., cpgp(c;, ¢) <1 for
every classc € C andevery clusterP € me(c). Obsere that me definesa directedgraph(C, =), where
c1 = ¢y iff ¢; is animmediatesubclas®f ¢o. As usual,we assumehat (C, =) is agyclic. The following
exampleillustratesthe concepbof a TPOB-schema.

Example4.1 The TPOB-schem®& = (C, o, me, p) for the PackageExampleis givenasfollows:
e C = {Package, Letter, Box, Tube, Priority, Express_saves, One-transfer, Two-transfer};
e thetypeassignment is givenby Table4 below;

e me(Package) = {{Letter, Box, Tube}, { Priority, Express_saves} },
me(Box) = me(Express_saves) = {{Two-transfer}},
me(Tube) = me(Priority) = {{One-transfer}},
me(Letter) = me(One-transfer) = me(Two-transfer) = 0;
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(d) @

0.5 0.3T 0.2 o_/ 0.6
Letter Tube ‘ Priority ‘ ‘ Express_saves

0.4 0.2 0.2

‘ One_transfer ‘ ‘ Two_transfer ‘

Figure2: PackageExamplewith probabilityassignmeng

o theprobabilityassignmenp is givenin Fig. 2.
Notethattheagyclic directedgraph(C, =) is thegraphresultingfrom Fig. 2 whenthed-nodesrecontracted
to Package andthe probabilitylabelsareremoved. Thed-nodeof Fig. 2 denotedisjoint decompositions-
every packages eitheraletter, box, or tube,andeitheranexpresspackageor a priority packaged

Table4: Typeassignmenir

e [ () |
Package Origin: string, Destination: string, Delivery: [time]]
Letter Height: float, Width: float]
'?'E)tje [Height: float, Width: float, Depth: float, Contents: {string}]
Priority . .
Time:
Express_saves [Time: [time]]

One-transfer | [City: string, Arrive: [time]], Shipment: [time]]
Two-transfer | [STOPone: [City: string, Arrive: [time], Shipment: [time]],
STOPtwo: [City: string, Arrive: [time]], Shipment: [time]]]

We now introducesomeconceptgelatedto TPOB-schemasA top-level attribute of a TPOB-schema
S =(C, 0, me, p) is atop-level attribute (asdefinedin Section3.3) of someo(c) whereceC. A directed
pathin (C,=) is asequencef classeg;, ..., ¢, € C suchthatc; = - -- = ¢, andk > 1. We denoteby =*
the reflexive andtransitive closureof =. We sayc; is a subclasgresp.,strict subclasy of co, or co is a
supeclass(resp. strict supeclasg of ¢y, iff ¢; =* ¢ (resp.,c1 =* ¢o andce; # ¢2). A classd € C is minimal
under=* in asetof classe® CC iff d € D andnoclassin D is astrict subclas®f d.

We finally definethe importantnotion of consisteng of TPOB-schemasintuitively, a TPOB-schema
is consistentff eachclassc canbe associatedvith a nonemptyset((c) of objectssuchthattheimmediate
subclassanddisjointnesgelationshipsandthe relative cardinalitiesexpressedy me and g, respectrely,
aresatisfied.If thereis no way to make this happenthenthis meanghatthereis somefundamentaprob-
lem with the conditionalprobability assignmentso the TPOB-schemaEvery TPOB-schemahouldhave
this property Formally, an interpretationZ = (O, ¢) of a TPOB-schem& = (C, o, me, p) consistsof a
nonemptyset @, anda mapping¢ from C to the setof all finite subsetf O. The interpretationZ is a
taxonomianodelof S iff thefollowing conditionsaresatisfied:
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Cl ((c) # 0, for all classes € C.
C2 ((c) C ¢(d), for all classes;, d € C with ¢ = d.
C3 ((c)Nn{(d) = 0, for all distinctclasseg, d € C in thesameclusterP € |J me(C).

Thefirst two axiomssaythat classesnustnot be emptyandthatthe objectsin a subclassnustbe a subset
of theobjectsin asuperclassTo seewhy thethird axiomis presentconsidertthefact(from Figure2) thata
packagés eitheratube,box, or letter— this axiomforcesa packageo be exactly oneof thesethree(e.g.a
packagecannotbe bothatubeandabox).

TheinterpretatiorZ is ataxonomicand probabilistic model(or mode) of S iff it is ataxonomicmodel
of S andfor all classeg;, d € C with ¢ = d, axiom(C4) below holds:

C4 [¢(c)|=p(c,d) - [¢(d)].
We sayS is consisteniff a modelof S exists. We saythattwo classes:, d € C aretaxonomicallydisjoint
(or t-disjoiny) iff ¢(c) N ¢(d) = 0 for every taxonomicmodelZ = (O, ¢) of S.

The axiom above saysthat the numberof itemsin eachclassmustbe consistenwith the conditional
probability labeling. For example,if aninterpretationassignsi00 objectsto the class“Package”thenit
mustassignb0 objectsto theclass‘Letter” — if not, it will not satisfythe probabilityrequirementhathalf
thepackagesreletters.

Note thatthe work in this sectionbuilds upondefinitionsin [19]. There,it is shavn thatdecidingthe
consisteng of probabilisticobjectbaseschemass NP-complete— this resultalsoapplieshere. However,
thereareimportantspecialcasef TPOB-schemasyhich canbetestedn polynomialtime, andfor which
decidingconsisteng canalsobedonein polynomialtime (see[19] for detailedalgorithms).

4.2 Inheritance Completion

Theinheritancecompletionof a TPOB-schemaddsto thetype of every classc € C, all the attributes(with

their types)that areinheritedfrom all superclassesf c¢. We useinheritancestratgjiesto specify how to

resohe conflictsthat arisedueto multiple inheritance. More precisely we addto the type of eachclass
ce C, everytop-level attribute A with its type at a minimal superclassf c. If morethanonesuchminimal

superclasgxists, thenwe have a conflict dueto multiple inheritance andwe useaninheritancestratgy to

selecta unigueclassamongthe setof all suchminimal superclasses.

More formally, let S =(C, o, me, p) be a TPOB-schemaandlet A denotethe setof all its top-level
attributes.Letming : C x A — C bethemappingthatassigngo eachpair (¢, A)eC x A thesetof all minimal
classesunder=-* in the setof all superclasseg € C of ¢ suchthat A is a top-level attribute of o(d). An
inheritancestrategy for S is apartialmappinginhg: C x A — C thatassignsclassd € ming(c, A) to every
pair (¢, A) € C x A suchthatming(c, A) # 0.

The inheritancecompletionof a TPOB-schemas obtainedby addingto eachtype of a class,all top-
level attributeswith their typesthatareinheritedfrom minimal superclassedore formally, theinheritance
completionTPOB-stiemaof a TPOB-schem® = (C, o, me, p) is the TPOB-schem&* = (C, o*, me, p),
whereo*(c) =[A1: 71,..., Ak %] suchthat(i) Ay,..., A areall A € A suchthatinhg(c, A) is defined,
and(ii) o(inhg(c, A;)) hasthetyper; at A;, forall i € {1,...,k}. If S=S*, thenS is fully inherited The
following exampleshavs theinheritancecompletionof the TPOB-scheman our PackageExample.

Example 4.2 Considerthe TPOB-schem& = (C, o, me, p) of Example4.1. Its inheritancecompletion
TPOBschemds S* = (C, 0*, me, p), whereos* is givenin Table5. O

Throughouttherestof this paper weassumehatall TPOB-stiemasare fully inherited.
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Table5: Typeassignmens™ of theinheritancecompletionTPOB-schema

IE | o*(c)
Package Origin: string, Destination: string, Delivery: [time]]
Letter Origin: string, Destination: string, Delivery: [time], Height: float, Width: float]
Box Origin: string, Destination: string, Delivery: [[time], Height: float, Width: float,
Tube Depth: float, Contents: {string}]
Priority

Express_saves [Origin: string, Destination: string, Delivery: [time], Time: [time]]

One-transfer | [Origin: string, Destination: string, Delivery : [time]), Height : float, Width: float, Depth: float,
Contents: {string}, Time: [time]], City: string, Arrive: [time]], Shipment: [time]]
Two-transfer | [Origin: string, Destination: string, Delivery: [time], Height: float, Width : float, Depth: float,
Contents: {string}, Time: [time]], STOPone: [City: string, Arrive: [time],

Shipment: [time]]], STOPtwo: [City: string, Arrive: [time], Shipment: [time]]]

4.3 Temporal Probabilistic Object Baselnstance

This sectionintroduceghe notion of atemporalprobabilisticobjectbasg(TPOB)instance.Throughouthis
papey we assumea countablyinfinite set® of objectidentifieis (or oids) (we will oftenakusenotationand
call oids objects). Note that we assumehat O is countablyinfinite to ensurethatwe may have arbitrary
largefinite TPOB-instanced-or thealgebraicoperation®f naturaljoin, Cartesiarproduct,andconditional
join (seeSection6), we additionallyassumehat O is closedunderCartesiarproduct.thatis, O x O C O.

A tempoal probabilistic objectbaseinstance(or TPOB-instanceI = (7, v) over a consistenfTPOB-
schem& = (C, o, me, p) consistof (i) amappingr thatassigngo eachclassc € C afinite subsebf O such
thatr(c;) N (o) = 0 for all distinctclasses; , ¢ € C, and(ii) amappingy thatassigngo eachoid o € (c),
ceC, avalueof typeo*(c). We write w(C) to referto the set| J{n(c) | c€ C} of all oidsin I. For every
c€C, we user*(c) to denotethe setJ{=(c') | ¢ €C, ¢ =* ¢} of all oidsthatbelongto ¢, whichiis to be
distinguishedrom the setr(c) of all oidsthatarecreatedin c. Intuitively, 7(c) is the setof oidsin classc,
while v(0) specifieghevalueof anobjecto € n(c). Thefollowing exampleshavs a TPOB-instancever
the TPOB-scheméan our PackageExample.

Example 4.3 Tables6 and7 shav a TPOB-instancd=(n, ) over the TPOB-schem& of Example4.1.
Accordingto this, o3 is a priority packagegs is atwo-transfempackage os is beingshippedfrom Rometo
Bostonandits expecteddelivery timeis either(18, 00) or (18, 31). Theprobability of theformeris 40—60%
while thatof thelatteris 30—50%.0

Table6: Themappingsr and=*

IE |7l [ 7*(c) ] |c¢ | 7(c) | 7*(c) ]
Package | {} {o3,05} Priority {o3} | {03}
Letter {} {} Express_saves | {} {05}
Box {} {05} One-transfer | {} {}
Tube {} {} Two-transfer | {05} | {05}

We now definethe conceptof a probabilisticextent of a class. In classicalobjectbasesthe extent of
aclassc is amappingext(c) thatassociatesvith every objecto in the objectbasethe number0 (resp.,1)
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Table7: Valueassignment

Lo [¥(0) |
o3 | [Origin: Rome, Destination: Boston, Delivery: {((18,00),[.4,.6]), ((18,31),[.3,.5])},

Time: {((8,00), [.45,.5]), ((8,10), [4,.5))}]

o5 | [Origin: Paris, Destination: San_Jose, Delivery: {((12,00),][.5,.7]), ((12,15),[.4,.5])}, Height: 60,
Width: 50, Depth: 40, Contents: {photos, books}, Time: {((12,00),[.3, .4]), ((12,05),[4,.7])},
STOPone: [City: New_York, Arrive: {((14,00),][.3,.5]), ((14,30),[.7,.8])},

Shipment: {((16,00),[1,1])}], STOPtwo: [City: ST_Louis,

Arrive: {((17,30),[.2, .6]), ((17,45),[.5,.6])}, Shipment: {((18,00),[.3,.5]), ((18,30),[.6,.7]) }]

iff o doesnotbelong(resp.,doesbelong)to theclasse. In probabilisticobjectbasesthe probabilisticextent
of aclasscis amappingext(c) thatassociatewith every objecto in theobjectbasethepossibleprobabilities
with which o belongsto c. If o belongsto a subclasof ¢ (resp.,a classc’ t-disjointto c), thenobviously
ext(c) (o) = {1} (resp.,ext(c)(o) ={0}). Otherwise,ext(c)(o) is the setof all productsof probabilities
from ¢ up to aminimal superclasg’ of ¢ thatcontainso. More formally, letI= (7, v) bea TPOB-instance
overaconsistenTPOB-schem®& = (C, o, me, p), andlet ¢ beaclassfrom C. Theprobabilisticextentof ¢,
denoteckxt(c), mapseachoid o € 7(C) to asetof rationalnumbersn [0, 1] asfollows:

(1) If o€ m*(c), thenext(c) (o) ={1}.
(2) If o e m*(c') with aclassc’ € C thatis t-disjointfrom ¢, thenext(c) (o) = {0}.

(3) Otherwisegxt(c)(o) = {p|p is theproductof theedgeprobabilitieson a pathfrom ¢ upto aminimal
classc’ under=* in thesetof all superclassege C of ¢ suchthato € 7*(d)}.

We call theclassc in (1), theclassc’ in (2), andevery classc’ asin (3) a characteristicclassfor ext(c) (o).
Thefollowing exampleillustratesthe conceptof a probabilisticextentof a class.

Example 4.4 The probabilisticextent of the classOne-transfer in our PackageExamplemapsthe oids o3
andos to the setsof rationalnumbers{.2} and{0}, respectiely. O

If theprobabilisticextentof every classc assigns uniqueprobabilityto every objecto, thenwe saythat
the underlying TPOB-instancds coherent. This is important: intuitively, given an objecto anda classc,
theremustbe only oneprobabilitythato belonggo ¢ (otherwisesomethingvould bewrong). For example,
giventhato is a packagen Figure 2, we know that the probability of its having one transferis 0.06 —
noticethatFigure2 hastwo pathsandthe computecprobabilityacrossothpathsis 0.06. Thisis thekind of
intuition thatthe notionof coheencebelov attemptgo capture Formally, a TPOB-instancd = (, v) over
aconsistenTPOB-schem® = (C, o, me, p) is coheentiff for every classc € C andevery objecto € 7(C),
the probabilisticextentext(c) (o) containsat mostoneelement.

Anotherimportantconceptfor TPOB-instancess thatof consisteng which is simply an extensionof
theconcepbf consisteng for valuesof probabilistictypes.A TPOB-instancés consisteniff all its valuesof
probabilistictypesareconsistentinconsistenvaluesof probabilistictypesandinconsistenT POB-instances
aremeaninglessHence thenotionof consisteng is very important. Formally, a TPOB-instancd = (r, v)
overaconsistenTPOB-schem® = (C, o, me, p) is consistentff v (o) is consistenfor all o € 7(C).

5 TPOB-Algebra: Unary Operations

In this section,we introducethe unary operationsof the TPOB-algebra.Theseoperationgake a TPOB-
instanceover a TPOB-schemasinput, andproducea TPOB-instancever a TPOB-schemasoutput. We
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describeheunaryoperation®f selectionfestrictedselectionfenamingprojection,andextraction. Unless
specifiedbtherwise weassumehatall input TPOB-stiemasare fully inherited

5.1 Selection

The selectionconditionfinds all objectsin a TPOB-instancd which satisfya probabilisticselectioncon-
dition ¢. We will formally definea probabilisticselectionconditionin this section.A simpleprobabilistic
selectionconditionsaysthatordinary(i.e., non-probabilisticselectionconditionsmustbe true with proba-
bility insidea givenrange.Booleancombinationf suchsimpleprobabilisticselectionconditionsarealso
allowed. A selectionconditionis a logical combinationof atomic selectionconditions. An atomicselec-
tion conditionmay includemembershipf an objectin a classmembershipor a comparisorthatinvolves
attribute valuesof anobject. Pathexpressiongdefinedbelow) referto “inner” attribute valuesof anobject.

Hence wefirst definepathexpressiongandatomicselectionconditions which arethenusedto construct
selectionconditionsand probabilisticselectionconditions. In the restof this section,let I=(w,v) bea
TPOB-instancever aTPOB-schem® = (C, o, me, p).

5.1.1 Path Expressions

Path expressiongarefinite sequencesf attributes,which referto “inner” attribute valuesof anobject. We
formally definepathexpressionsy inductionasfollows. A pathexpressiorfor thetupletype[A4;: 71,...,
Ay 1) hastheform A; or theform A;.P;, whereP; is a pathexpressiorfor 7;. A pathexpressiorfor the
atomicprobabilistictype [7]] is of theform [P]], whereP is a pathexpressiorfor 7. Thefollowing shavs
someexamplesof pathexpressions.

Example 5.1 STOPone, STOPone.City, andSTOPone.Arrive.[time]] arepathexpressiondor the proba-
bilistic tupletype [STOPone: [City: string, Arrive: [time], Shipment: [[time]]]. O

We now definehow a pathexpressionP addressea partof a valuev. Givena pathexpressionP for
type, thevaluationof P underavaluewv of 7, denotedy. P, is inductively definedby:

o if v=[A1:v1,...,Ax: vg] andP = A;, thenv.P = v; ;

o ifv= [A1: V1y.nn, Ag: ’Uk] andP = A;.R, thenv.P = v;.R;

o if v={(vi,1),...,(vg, Ix)} andP = [R], thenv.P = {(v1, I1, R), . .., (v, I, R) }. Wecall such
sets{(v1, I1, R), ..., (v, I, R)} genemlizedvaluesof 7.

Otherwisep.P is undefined.Thefollowing exampleillustratesthis concepof valuation.

Example 5.2 Thevaluationof thepathexpressiorb TOPone.City underthevalue[STOPone: [City: Boston,
Arrive: {((8,00),[1,1])}, Shipment: {((9,00),[1,1])}]] is givenby Boston. O

5.1.2 Atomic SelectionConditions

An atomic selectioncondition describesither (i) a classmembershipf an object, or (i) a comparison
betweenan attribute value of an objectand a constantvalue, or (i) a comparisorbetweentwo attribute
valuesof anobject. More formally, anatomicselectionconditionhasoneof the following forms:

e in(c), wherecisaclassin C;
e P 0 v, whereP is apathexpressiony isavalue,andf € {<, <,=,#,>,>};
e P, 6g P>, whereP,;, P, arepathexpressionsg is aconjunctionstratgy, andd € {<, <, =, #,>,>}.
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We give someexamplesof atomicselectionconditionsin the PackageExample.

Example 5.3 in(Letter) is anatomicselectionconditionwhich specifieshe setof all objectsthatarelet-
ters. Likewise, STOPone.City = New_York is an atomicselectionconditionwhich specifiesthe setof “all

objectsthat have New York asthe first stop” Origin = g,, Destination is an atomic selectioncondition
which specifiesall objectswhoseOrigin and Destinationarethe same,assuminghe valueof the Origin is
independendf thevalueof the Destination.O

We now definethe meaningof an atomic selectioncondition ¢ underan objecto in I. We associate
with eachsuch¢ a closedsubinteral of [0, 1], which describesherangefor the probability thatthe object
o in I satisfiesp. More formally, the probabilistic valuationof ¢ with respecto I ando € 7(C), denoted
proby ,(¢), is definedasfollows (whered is the disjunctionstratgy for mutualexclusion):

e proby,(in(c)) = [min(ext(c) (o)), max(ext(c)(0))].

e Let P be a path expressionfor the type of o. If v(0).P is a value of a classicaltype, thendefine
V={(v(o),[1,1], P)}, elseif v(o0).P is a generalizedvalue of an atomic probabilistictype, then
defineV =v(o0).P. OtherwiseV is undefinedThen,

@i, I, if Visdefined

by (POv) =
proby,(P 0 v) {undefined otherwise,

wherely, ..., I} aretheintenals I suchthat(w,I,S) €V andw.S @ v, if V is defined. Note that
proby ,(P 6v) is undefinedf somew.S 0 v is undefined.

e Foreachi € {1, 2}, let P, beapathexpressiorfor thetypeof o. If v(0).P; isavalueof aclassicatype,
thendefineV; = {(v(0),[1,1], P;)}, elseif v(0).P; is ageneralized/alue of anatomicprobabilistic
type,thendefineV = v(o0).F;. OtherwiseV; is undefined.Then,

Eszl I, if V1 andV; aredefined

by (P 0g Py) =
proby,(Pi O P2) {undefined otherwise,

wherely, ..., I} aretheintenalsI ® J suchthat(vy, I, S1) € Vi, (ve, J, S2) € Vo, andv;.S1 0 v2.5s,
if V1 andV; aredefined.Notethatproby ,(P1 0y ) is undefinedif somev;.S; 6 vo.Ss is undefined.

Thefollowing exampleshovs someprobabilisticvaluationsof atomicselectionconditions.

Example 5.4 in(One-transfer) is assigned.2,.2] (resp.,[0,0]) underproby ,, (resp.,proby,. ), while
STOPone.City=New_York is undefinedunderproby ,,, andassignedl, 1] underproby .. O

5.1.3 SelectionConditions

Selectiorconditionsarelogical combinationsof atomicselectionconditions.A formal inductive definition
is asfollows. (i) Every atomic selectionconditionis a selectioncondition. (i) If ¢ and+ areselection
conditionsand® (resp.,®) is a conjunction(resp.,disjunction)strat@y, then¢ Ag ¥ (resp.,¢ Vg v) is a
selectioncondition. Thefollowing shavs anexampleof a selectionconditionfrom the PackageExample.

Example 5.5 in(One-transfer) Ag,, (Arrive < (13,00) Vg, Arrive > (14,00)) is aselectionconditionthat
specifies'all objectsin One-transfer thatarrive before13:000r after14:00”. O

We now definethe meaningof a selectioncondition¢ underan objecto in I, by associatingvith each
“well-formed” such¢ a closedsubinteral of [0, 1], which describeghe rangefor the probability that the
objecto in I satisfiesp. We do this by extendingthe probabilisticvaluationprob , asfollows:
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e proby,(¢ Ag ¥) = proby ,(¢) ® proby ,(¥);
e proby,(¢ Ve ¥) = proby ,(¢) ® proby ,().
Thefollowing exampleshavs someprobabilisticvaluationsof selectionconditions.

Example 5.6 The selectionconditionin(Priority) Ag,, Time < (14, 00) is assignedhe probability inter
vals[.95,1] and[0, 0] underproby ,, andproby ,_, respectiely. O

5.1.4 Probabilistic SelectionConditions

We defineprobabilistic selectionconditionsinductively asfollows. If ¢ is aselectioncondition,andl, u are
realswith 0 <! <wu <1, then(¢)[l, u] is aprobabilisticselectioncondition(anatomicone). If ¢ andt are
probabilisticselectionconditions thensoare—¢ and(¢ A 9). We use(¢ V ) to abbreiate —(—¢ A —1p).
Someexamplesof probabilisticselectionconditionsfor the PackageExampleareshovn below.

Intuitively, a probabilisticselectionconditionof theform (¢)[l, u] saysfind all objectsthatsatisfycon-
dition ¢ with probability between andw (bothinclusive).

Example5.7 (Time < (14,00))[.5,1] is a probabilistic selectioncondition, which specifies“all objects
whosevaluein theattribute Time is smallerthan14:00with aprobabilityin [.5,1]". O

We now definewhatit meansfor an objecto in I to satisfya probabilisticselectioncondition¢. The
satisfactionof ¢ underI ando, denotedproby , = ¢, is inductively definedby:

e proby, = (¢)[l,u] iff proby,(¢) C [I,ul;
e proby, = ¢ iff it is notthe casethatproby , = ¢;
e probp, F ¢ A9 iff proby, = ¢ andproby, = .
Thenext exampleillustratesthe satisactionof probabilisticselectionconditions.
Example 5.8 Thefollowing satishction(andnon-satiséction)relationshold in the PackageExample:
e proby,, [~ (in(Priority) Ag,, Time < (14,00))[.96,1],
e probp,, [= (in(Priority) Ag,, Time < (14,00))[.5,1],
e proby,, [= (in(Priority) Ag,, Time < (14,00))[.5,1] A (in(One-transfer))[.2, .3]. O

5.1.5 SelectionOperation

The selectionoperatorfindsall objectsin a probabilisticinstancel thatsatisfysomeprobabilisticselection
condition. Formally, the selectiononT with respecto a probabilisticselectioncondition¢, denotedr4(I),
is the TPOB-instancén’, ') over S, where:

e 7'(c) = {o € 7(c) | = is definedfor prob; , and¢, and proby , |= ¢}, forall c € C.

o V' =v|7(C).

Thefollowing exampleillustratesthe useof the selectionoperatoiin the PackageExample.

Example 5.9 Considerthe TPOB-instancd = (r, v) of Example4.3 andthe probabilisticselectioncondi-
tion ¢ = —(in(Priority) Ag,, Time < (14,00))[0,0]. Then,o4(I) = (', +') containsthe setof all objects
in I thatbelongto Priority andhave avaluein Time smallerthan14:00with a positive probability Obsenre
that='(Priority) = {03}, 7'(c) = 0 for all otherclasses, andv’ is givenby Table8. O
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Table8: v/ resultingfrom selection
Lo [V(9) |
o3 | [Origin: Rome, Destination: Boston, Delivery: {((18,00),[4,.6]), ((18,31),[.3,.5))},
Time: {((8,00),[.45,.5]), ((8,10), [ 4, .5]) }]

5.2 Restricted Selection

Restrictedselectionis a new operatornot presentin the usualrelational(or object) algebra. Consideran
atomicselectioncondition¢g of theform P 8 w. Informally, this operationis a selectionwith respecto ¢ on
thevaluev ={(v1, ), ..., (v, Ix) } of anatomicprobabilistictype“inside” thevaluev (o) of every object
o. As usual the pathexpressionP in ¢ is usedto specifythe partv of thevaluev (o).

We first formally definethe restrictedselectionoperationon valuesof probabilistictuple typesasfol-
lows. Let 7 beaprobabilistictupletype,andletv =[A4;:v1,..., A;: v;, ..., Ax:vg] beavalueof 7. Let ¢
beanatomicselectionconditionof theform P 6 w, whereP is a pathexpressiorfor 7. Then,therestricted
selectionon v w.r.t. ¢, denoteob;(v), is definedasfollows:

e If v; isavalueof aclassicatype, P = A;, andv; 0 w, thena;('u) =.
e If v; is avalueof anatomicprobabilistictype,and P = A;, thena;(fu) is obtainedfrom v by replac-
ingv; by {(w', I) € v; | w' §w}.
e If v; is avalueof aprobabilistictupletype,and P = A;.R, thenag (v) is obtainedfrom v by replac-
ing v; by 0% ., (vi)-
Otherwise gy (v) is undefined.

We arenow readyto extendtherestrictedselectioroperatoito TPOB-instanceasfollows. Let I=(m, v)
bea TPOB-instancevera TPOBschema& = (C, o, me, p). Let ¢ beanatomicselectionconditionof the
form P 6w, where P is a path expressionfor every o(c) with ¢€C. The restrictedselectionon I with
respecto ¢, denotedrj(I), is definedasthe TPOB-instancén’, ) over S, where:

o 7'(c) ={o € m(c) | oy(v(0)) is defined, forall c € C.

e '(0) = oy (v(0)), forallo € 7'(C).

Thefollowing exampleillustratesthe useof therestrictedselectionoperator
Example 5.10 Considerthe TPOB-instancd = (, v) of Example5.9 andthe atomicselectioncondition

¢=(Time < (8,05)). Then,therestrictedselectionon I with respecto ¢ is given by the TPOB-instance
oy (I)=(',v'), wherer’ = 7 andv' is shavn in Table9. O

Table9: v/ resultingfrom restrictedselection
Lo [ V(o) |
o3 | [Origin: Rome, Destination: Boston, Delivery: {((18,00), [.4, .6]), ((18,31),[.3,.5])},
Time: {((8,00),[.45,.5])}]




INFSY S RR 1843-02-08 17

5.3 Renaming

Wenow definetherenamingoperation.Informally, thisoperatiorrenamesomeattributesin typesof TPOB-
schemasndin valuesof TPOB-instancesWe usepathexpressiongo allow for arenamingof attributesat
lower levelsinsidetypesandvalues.We first definethe syntaxof renamingconditions which specifywhich
attributesareto berenamedandhow they areto berenamed.

A renamingcondition for a probabilistictuple type 7 is an expressionof the form P « Q where

P = Py, ..., P is alist of pairwisedistinct path expressiongor 7, and Q = @1,...,Q is alist of
pairwisedistinct pathexpressionsuchthat P; andQ; differ exactly in their rightmostattribute, for every
i€{1,...,l}. Weillustratethe concepiof renamingconditionsvia our PackageExample.

Example5.11 Let 7 bethe probabilistictuple type [STOPone: [City: string, Arrive: [time]], Shipment:
[time]]]. A renamingconditionfor 7 is STOPone.City, STOPone<STOPone.Cityl, STOPonel. O

5.3.1 Renamingof TPOB-Schemas

Beforedefininghow to applytherenamingoperatoron TPOB-instancesye needtwo definitions— oneon
applyingit to probabilistictupletypes,andanotheron applyingit to TPOB-schemas.
Let N be arenamingconditionof theform P < P’ for the probabilistictupletyper = [A;: 71,...,
Ay ). Therenamingof = with respecto N, denotedx (7), is definedasfollows:
e If P=A; andP' = A/, thendy (1) is obtainedirom 7 by replacingA; by A4;'.
e If P=A,.[R], P'=A,.[R'], andT; is anatomicprobabilistictype, thendy (7) is obtainedfrom 7
by replacingr; = [7;'] by [0r«r (7i')]-
e If P=A;.R, P'= A;.R', andr; is notanatomicprobabilistictype,thend y (7) is obtainedrom 7 by
replacingr; by g« g (7;).
Let N="Py,...,P, « P/,..., P/ bearenamingconditionfor 7. The renamingof = with respecto N,
denotedd y (7), is definedasthe simultaneousenamingon 7 with respecto all P; < P;'.
We now definethe renamingof TPOB-schemass follows. LetS = (C,o,=-,me, p) be a TPOB-
schemandlet N bearenamingconditionfor every o (c) with ¢ € C. Therenamingof S with respecto N,
denotediy (S), is the TPOB-schemdC, o', =, me, ), whereo'(c) = dn(o(c)) forall ceC.

5.3.2 Renamingof TPOB-Instances

Beforedefiningtherenamingon TPOB-instancesye needto defineit onvaluesof probabilistictupletypes.

Let N bearenamingconditionof theform P« P’ for the probabilistictupletyper=[A1:71, . . . , Ap:Ty]-
Letv=[A1: v1,...,An: v,] beavalueof 7. Therenamingof v w.r.t. N, denotedn (v), is definedby:

o If P=A; andP' = A/, thendy (v) is obtainedrom v by replacing4; by A;’.

e If P=A;.[R], P'=A;.[R'], andv; is avalueof anatomicprobabilistictype,thend y (v) is obtained

from v by replacingevery (v;’, I;) € v; by (6ge g (vi), I;).
e If P=A;.R, P'=A;.R', andv; is notavalueof anatomicprobabilistictype,thendy (v) is obtained
from v by replacingu; by 0. g (v;).
LetN = P,,..., P, + P/,..., P/ bearenamingconditionfor 7. The renamingof v with respecto NV,
denotediy (v), is definedasthe simultaneousenamingon v with respecto all P; « P;'.

We arenow readyto definethe renamingof TPOB-instancessfollows. LetI = (w,v) bea TPOB-
instanceover a TPOB-schem& = (C,0,=,me, p), andlet N be a renamingconditionfor every o(c)
with ce C. Therenamingof I with respectto N, denotediy (I), is the TPOB-instance,v') over the
TPOB-schemdy (S), wherev'(0) = dn(v(0)) forall o € n(C).
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5.4 Projection

Intuitively, the projectionoperationremoves sometop-level attributes(with their associatedypes)from a
TPOB-schemaandthe sameattributeswith their associatedaluesfrom a TPOB-instance We formally
definethe projectionof a TPOB-schemdresp., TPOB-instancedn a setof top-level attributesasfollows.

The projection of a TPOB-schem&@ = (C, o, me, p) on a setof top-level attributes A of S, denoted
ITA(S), is definedasthe TPOB-schemdC, o', me, p), wherethe new type ¢'(c) of eachclassceC is
obtainedfrom theold typeo(c¢) =By : 71,-.., Bk : %) byremaving all B;: 7;’swith B; ¢ A.

The projectionof a TPOB-instancd = (w, v) over S on A, denotedlIx (I), is definedasthe TPOB-
instance(w, V') overthe TPOB-schemal 4 (S), wherethe new valuer' (o) of eachoid o € 7(C) is obtained
from theold valuev(o) =[B;: v1,...,Bg: vg] byremoing all B;: v;’swith B; ¢ A.

Thefollowing exampleillustratesthe projectionof TPOB-schemagesp.,TPOB-instances).

Example 5.12 Considerthe fully inherited TPOB-schem& = (C, o, me, p) of Example4.2, the TPOB
instancel = (m,v) over S of Example4.3, andthe setof attributes A = {Origin, Contents, Time}.

The projectionof S (resp.,I) on A resultsin the TPOB-schemdlIa (S) = (C,0', me, p) (resp., TPOB-
instancdlp (I) = (w,v')), whereo' (resp.,') is shavn in Table10 (resp.,11). O

Tablel10: ¢’ resultingfrom projection

| c | o'(c)
Package Origin: string
Letter Origin: string
Box Origin: string, Contents: {string}
Tube Origin: string, Contents: {string}
Priority Origin: string, Time: [time
Express_saves | [Origin: string, Time: [time
One-transfer Origin: string, Contents: {string}, Time: [time
Two-transfer | [Origin: string, Contents: {string}, Time: [time

Tablel1: v/ resultingfrom projection

Lo [V |
o3 | [Origin: Rome, Time: {((8,00),[.45,.5]), ((8,10),[.4,.5])}]
o5 | [Origin: Paris, Contents: {photos, books}, Time: {((12,00),[.3,.4]), ((12,05),[.4,.7])}]

5.5 Extraction

The extraction operationallows for the elimination of someclassedrom the classhierarchyof a TPOB-
schemaThatis, the extractionoperatiorremovessomeclassegrom a TPOB-schemaandall objectsin the
removedclassesrom a TPOB-instanceThisis oftenusefulwhenwe wishto focusintereston a certainpart
of the TPOB-schemée.g.the partconsistingof lettersandits subclassesnly) and/orTPOB-instancesWe
first defineextractionoperationon TPOB-schemaandthenextendit to TPOB-instances.
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5.5.1 Extraction on TPOB-Schemas

Roughlyspeakingthe extractionoperationrona TPOB-schemaanbedescribedsfollows. Givena TPOB-
schemaS = (C, o, me, p) anda setof classexC C C, the extractionon S with respectto C produceshe
TPOBschemas’ = (C, o', me/, ') thatis obtainedby restrictingS to the classesn C. Thatis, the new
TPOB-schem®&’ containsonly the classesn C andtheirtypes.Moreover, the mappingme andthe proba-
bility assignmenp areadaptedo theclassesn C in orderto obtainme’ andg'. For example if we have the
immediatesubclasselationshipg; = ¢ = ¢3 in S with theassociategrobabilitiesp(c; , c2) andp(cs, ¢3),
andc; andcz belongto C but c; doesnot, thenwe assumehe immediatesubclasselationshipc; =/ ¢3
in 8" with theassociategrobability ' (c1, c3) = p(c1, c2) - p(c2, c3). Moreover, if aclasse; € C is disjoint
toaclassey ¢ C in S, thenall the extractedsubclassesf ¢, aredisjointto ¢; in S’.

More formally, the extraction on a TPOB-schem&s = (C, o, me, p) with respectto a setof classes
C CC, denotedEc(S), is the TPOB-schem&’ = (C', o', me’, p'), where:

e C'=C.
e ¢’ istherestrictionof o to C'.

e Forall ceC’, we defineme’ (c)={((X NC") U X¢) # 0| X € me(c)}, whereXe ={dy €C' | d1 =
dy= --- =dj for someds, ...,dy_1 € C —C' anddy, € X — ('}, andwe assumehat| X | < 1.

e Forall ¢c1,co €C', wedefinep'(c1,c) = Hf;ll p(d;,d;+1), wherethed,’s aresuchthatd; = dy =
<o =dg,di=c1,dp=cy,andds, ... ,d; 1 €C -

Thefollowing exampleillustratesthe useof the extractionoperatoron TPOB-schemas.

Example 5.13 Considethefully inheritedTPOB-schem& = (C, o, me, p) of Example4.2. Theextraction
on S w.r.t. the setof classeC = {Package, Letter, Priority, One-transfer} is given by the TPOB-schema
Ec(S)=(C',0',me, p'), where:

e (' ={Package, Letter, Priority, One-transfer}.
e Thetypeassignmen#’ is givenin Tablel2.
e Theprobabilityassignmeng’ is givenin Figure3.

e me'(Package) = {{Letter, One-transfer}, {Priority}}, me’(Priority) = {{One-transfer}},
andme’(Letter) = me’(One-transfer) = (). O

Table12: Typeassignmens’ resultingfrom extraction

| ¢ | o'(c)
Package Origin:string, Destination: string, Delivery: [[time]]
Letter Origin:string, Destination: string, Delivery: [[time], Height: float, Width: float]
Priority Origin: string, Destination: string, Delivery: [[time]], Time: [time]]
One-transfer | [Origin:string, Destination: string, Delivery: [time], Height: float, Width: float, Depth: float,
Contents: {string}, Time: [time]], City: string, Arrive: [time], Shipment: [time]]]




20 INFSY S RR 1843-02-08
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‘ Letter ‘ ‘ One_transfer ‘

Figure3: Classhierarchyandprobability assignmentesultingfrom extraction

5.5.2 Extraction on TPOB-instances

The extractionon a TPOB-instancd with respecto a setof classe<C returnsthe TPOB-instancd’ that
containsall the objects(andtheir values)in I thatbelongto the classesn C. Formally, the extractionon
a TPOB-instancd = (w, v) overa TPOB-schem® = (C, o, me, p) with respecto a setof classe€C CC,
denoted=¢(I), is the TPOB-instancér’, ') overthe TPOB-schem&(S) = (C', o', me’, p'), where:

e 7' istherestrictionof 7 to C'.

e /' is therestrictionof v to 7'(C’).
Thefollowing exampleillustratesthe extractionon TPOB-instances.

Example 5.14 Considethefully inheritedTPOB-schem& = (C, o, me, p) of Example4.2andthe TPOB-
instancel = (w,v) over S of Example4.3. The extractionon I with respectto the setof classesC =
{PackageLetter, Priority, One-transfer} resultsin the TPOB-instanceEc¢(I) = (#',v') over the TPOB-
schem&¢(S) in Example5.13,wherer’ is givenby Table13andy' is givenby v/(03) =v(03). O

Table13: 7' and(#')* resultingfrom extraction

Lc [ 7'(0) [ (7)*(c) |

Package {} {os}
Letter {} {}
Priority {os} | {os}
One-transfer | {} {}

6 TPOB-Algebra: Binary Operations

In this section,we definealgebraicoperationgo combineinformationfrom two TPOB-instancesThese
operationdake two TPOB-instancesver two TPOB-schemaasinput andproducea new TPOB-instance
over a (possiblynewv) TPOB-schemasoutput. We considerthe binary operation®f naturaljoin, Cartesian
product,conditionaljoin, andthe setoperator®f intersectionunion,anddifference. Again, unlessspecified
otherwisewe assumehatall input TPOB-schemaarefully inherited.

6.1 Natural Join

Our natural join operatoris inspiredby its counterpartin classicalrelational databaseswhich forms a
Cartesianproductof two TPOB-instancesperformsa selectionforcing equality on thoseattributesthat
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appeaiin bothrelationschemesandfinally remoresduplicatevalues.

The mainideabehindthe naturaljoin operationcanbe roughly describedasfollows. Recallthat for
eachclassce C of a TPOB-schem& = (C, o, me, p), the type o(c) =[A;: 71,...,A;: 7] is a proba-
bilistic tuple type over sometop-level attributes 44, ..., A;. Moreover, eachobjecto € 7(c) in a TPOB-
instancel = (7, v) over S is associatedvith avaluev(o) =[A;1: v1,..., 4;: v of typea(c). Giventwo
TPOB-instance$; andI, over the TPOB-schema$; andS,, respeciiely, the TPOB-instancd result-
ing from the naturaljoin of Iy andI, containsanobjecto= (o1, 02) for certainpairsof objectso; ando
in I, andI,, respectiely. Thevaluev (o) associatedvith eachsucho is given by the naturaljoin of the
valuesv (01) andws(o2) in Iy andIy, respectrely, which is roughly a concatenatiocombinedwith an
intersectioron commonattribute values. Thenew TPOB-instancd is definedover a TPOB-schem& that
containsaclassc = (¢, co) for ary two classes; andcs in S; andS,, respectiely. Thetypeof eachsuch
classc is obtainedby memging thetypesof ¢; andcy in S; andS,, respectiely, andthe new classhierarchy
in S is obtainedby meging thetwo classhierarchiesn S; andS,.

Wefirst formalizethe naturaljoin of two TPOB-schemas/Ve thendefinethe naturaljoin of two values
of probabilistictupletypes.Finally, we introducethe naturaljoin of two TPOB-instancedn therestof this
sectionJetS; = (C1, 01, meq, 1) andSy = (Ca, 02, mey, o) betwo TPOB-schemas.

6.1.1 Natural Join of TPOB-Schemas

Informally, the TPOB-schem®& = (C, o, me, p) producedy the naturaljoin of the TPOB-schema8; and
S, is obtainedasfollows. First, the setof classeg is the Cartesiarproductof the setsof classe€; andC,.
Secondthetypeo(c) of eachclassc = (c1, ¢2) € C is givenby the probabilistictuple type containingevery
top-level attribute with its associatedypein o1 (c1) andos(cz). Notethatthis assumeshatevery common
top-level attribute of o1 (c;) andoz(c2) hasthe sametypein o1(c;) andos(ce). We sayS; andS,, are
natural-join-compatitbe whenthis conditionis satisfiedfor ary two classes; € C; andc, € Co. Third, the
classhierarchyin S is definedas the Cartesianproductof the classhierarchiesn S; andS,. Thatis,
every classc; € C; (resp.,co € Co) is combinedwith the immediatesubclassanddisjointnesselationships
expressedy every mey(ca) With co € Co (resp.,me;(c1) with ¢; € Cy); every classc; € Cy (resp.,ce €Ca)
is combinedwith every conditionalprobability g2 (c2, d2) in Se (resp.p1(c1,d1) in Sy).

More formally, we definethenaturaljoin operatiorontwo TPOB-schemaasfollows. If thetwo TPOB-
schemasS; and S, are natural-join-compaiile, thenthe natural join of S; and Sy, denotedS; > Ss,
is definedasthe TPOB-schem& = (C, o, me, p), where

[ C:CI XCQ.

e For eachc=(c1,c2) €C, the probabilistictuple type o(c) =[A1: 71,..., 4;: 7] containsexactly
every A; : 7; thatbelongsto eitherthetypeo(c;) or thetypeos(cs).

e Foreachc=(c1,c2)€C: me(c) = {{c1}xP2| P2 € mes(ca)} U{P1x{c2}|P1 €mes(c1)}.
e For eachimmediatesubclasselationship(ci, co) = (c1,d2) (resp.,(c1,¢2) = (di,¢2)) in S, define
p((c1,c2), (c1,d2)) = pa(c, dz) (resp.p((ci, c2), (d1,c2)) = p1(c1,d1)).
Thefollowing exampleillustratesthe naturaljoin of TPOB-schemasia the PackageExample.

Example6.1 Let S; andS, bethe TPOB-schemasf Examples4.2 and5.13, respecirely. Their natural
join 81 <1 Sq isthe TPOB-schem®& = (C, o, me, p) partially shavn in Table14 andFigure4. O
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(Package,Package)

(Tube,Package) (Priority,Package)

0.3 0.2

;/ ‘ (One_transfer,Package) ‘ \$‘ N
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(Tube,Letter) . (Priority,Letter)

0.3 05 %
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Figure4: Naturaljoin of schemas

Table14: Typeassignmen# resultingfrom naturaljoin

£ () |
(Package, Package) |[Origin: string, Destination: string, Delivery: [[time]|]
(Tube, Package) Origin: string, Destination: string, Delivery: [time], Height: float, Width: float, Depth: float,
Contents: {string}]
(Priority, Package) Origin: string, Destination: string, Delivery: [[time]], Time: [[time]]

(One-transfer, Letter)|[Origin: string, Destination: string, Delivery: [time], Height: float, Width: float, Depth: float,
Contents: {string}, Time: [[time]}, City: string, Arrive: [time]], Shipment: [time]]

6.1.2 Intersection and Natural Join of Values

Thenaturaljoin of two classicakelationsR and.S containsonetuplefor eachpair of tuples(r, s) € R x S
that have the samevaluesin the commonattributesof R andS. Similarly, the naturaljoin of two TPOB-
instanced;=(m1,r1) andI,=(m9, 1) containsoneobjecto for eachpair of objectso; in Iy andos in Iy
suchthatthe naturaljoin of v1(01) andwvy(02) (their concatenatiomwombinedwith the intersectionof the
valuesin thecommonattributes)is defined which thenformsthevaluer (o) of the new objecto.

To definethe naturaljoin of two valuesv; andws of probabilistictupletypesr; andr,, respectiely, we
now firstintroducetheintersectiorof two valuesy; andvs of thesameclassicabr probabilistictyper. The
intersectionof »; andv, undera conjunctionstratgy ®, denoteds; Ng v9, is inductively definedby:

e If 7 isaclassicatypeandv; = vy, thenv; Ng vo =v;.

e If 7 isanatomicprobabilistictypeandw # 0, thenv; Ng vo = w, where

w = {(’U,I1 ® Ig) | (’U,Il) € vy, (’U,IQ) € ’UQ}.

e If 7 isaprobabilistictupletypeoverthesetof top-level attributesA andall v;.ANg v2.A aredefined,
then(v; Ng v2).A =vi. ANg va.Aforall A € A.

Otherwisewy; Ng w2 is undefined.Thefollowing exampleillustratesthe abore concept.
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Example 6.2 Let time bethestandarccalendam.r.t. hour J minute, andlet ® bea conjunctionstrat@y.
Considetthevaluesv; =v,=(12, 30) andvz=(12, 40) of theclassicatypetime. Then,v; Ng vy =v1, While
v1 Ng v3 is undefined Now considerthefollowing valuesof the probabilistictype [time]:

v ={((9,00),[:3,.5]), ((10,00), [.3,.6]), ((11,00), [.2,.5])}, vo = {((12,00),[-2, 4])},
v3=1{((9,00),[:3,.4]), (11,00, [-3,.6]), (12, 00), .2, .4])} .

Then,v; Ng,, ve is undefinedwhile v; Ng,, v3 = {((9,00), [.09, .2]), ((11,00),[.06,.3])}. O

We are now readyto definethe naturaljoin of two valuesv; andwvy of probabilistictuple typesr
andr, respectrely. Let ® beaconjunctionstratgy. Let A; and A, bethetop-level attributesof 1 and,
respectiely, andlet A = A; N As. Letall A € A havethesametypesin 7, andr,. Thenatural join of v,
andwvs under®, denotedy; g v9, is definedasfollows:

o (v1 Mg v2).A=uv;. Aforall Ac A; — A,ie{1,2}, (v1 g v2).A =v1.Axg ve. Aforall A€ A.
If all v1.A4 g v9.A with A € A aredefinedthenwv; xig v9 is defined.

6.1.3 Natural Join of TPOB-Instances

We now definethenaturaljoin of two TPOB-instanceasfollows. LetI; = (71, v1) andIy = (w2, v2) betwo
TPOB-instancesver the natural-join-compalile TPOB-schema$; andS-, respectiely. Forie {1,2},
let A; denotethe setof top-level attributesof S;. Let ® bea conjunctionstratgy. The natural join of Iy
andI, under®, denoted; <z I, isthe TPOB-instancén, v) over S; < Sy, where:

e 7(c) = {(01,02) € mi(c1) X m2(ca) | v1(01) g v2(02) is defined,
forall ¢ = (01,62) € C1 X Co.

. I/(O) = 1/1(01) X 1/2(02), forallo = (01,02) c 7!'(61 X Cg)

Example 6.3 LetS; andS, bethe TPOB-schemagivenin Example4.2andproducedn Example5.13,re-
spectvely. LetI; andI, bethe TPOB-instancesverS; andS, producedn Examples.9and5.14,respec-
tively. Thenaturaljoin of I; andI, underthe conjunctionstratgy for ignorance®;, is the TPOB-instance
I; g, Io=(m,v) overS; 1 Sp = (C, 0, me, p), wherer is givenby ((Priority, Priority)) = { (03, 03) }
andr(c) = 0 for all otherclasses: € C, andv is givenby Table15. O

Table15: v resultingfrom naturaljoin

Lo | v(0) |
(03,03) | [Origin: Rome, Destination: Boston, Delivery: {((18,00),[.4,1]), ((18,31),[.3,1])},
Time: {((8,00), [.45,1]), ((8,10),[.4,1])}]

6.2 Cartesian Product and Conditional Join

In the above definition of naturaljoin, if the setsA; and A, aredisjoint, thenthe naturaljoin is called
Cartesianproductanddenotedby the symbol x. Two TPOB-schema$; andS, are Cartesian-poduct-
compatibleff they canbecombinedusingCartesiarproduct thatis, iff for all classes; in S; andcs in So,
thetypesof ¢; andc, have disjoint setsof top-level attributes.
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Theconditionaljoin operationcombinesraluesof two TPOB-instancethatsatisfya probabilisticselec-
tion condition¢. LetI; andI, be TPOB-instancesver the Cartesian-product-copatble TPOB-schemas
S1 andS,, respectiely. The conditionaljoin of I; andIy with respectto ¢, denotedl; >y Iy, is the
TPOB-instancer, (I x I) overthe TPOB-schem®; x S,.

Example 6.4 Let S; andI; bethe TPOB-schemandthe TPOB-instancerespectiely, producedin Ex-
ample5.12. Let Sy andIs be the TPOB-schemandthe TPOB-instanceobtainedfrom S; and Iy, re-
spectvely, by renamingthe attributes Origin, Contents, and Time with Originl, Contentsl, and Timel,
respectiely. The Cartesiarproductof S; andS; is the TPOB-schem&; x So = (C, 0, me, p) partially
showvn in Table 16 and Figure 4. The conditionjoin of I; andI, with respectto ¢ = (Origin =Rome A
Originl = Paris)[1, 1] is the TPOB-instancer4 (I x Iy) = (m,v) overthe TPOB-schem&; x S,, where
w((Priority, Two-transfer))={ (03, 05) } and=(c)= 0 for all otherc € C, andv is shavn in Table17. O

Table16: Typeassignmend resultingfrom conditionaljoin

| ¢ | o(c)
(Package, Package) Origin: string, Originl: string]
(Tube, Package) Origin: string, Contents: {string}, Originl: string]
(Priority, Package) Origin: string, Time: [time], Originl: string]
(One-transfer, Letter) | [Origin: string, Contents: {string}, Time: [time], Originl: string]

Table17: Valueassignment resultingfrom conditionaljoin

Lo [ v(0) |
(03,05) | [Origin: Rome, Time: {((8,00),[.45,.5]), ((8,10),[.4,.5])},
Originl: Paris, Timel: {((12,00),[.3, .4]), ((12,05),[.4,.7])}]

6.3 Intersection, Union, and Differ ence

In this section,we definethe setoperationof intersectionunion, anddifferenceon two TPOB-instances
over the sameTPOB-schema.Informally, the intersectionoperationintersectsthe setsof objectsof the
two TPOB instancesaswell asthe two valuesassociatedavith eachobjectin both TPOB-instancesThe
unionoperationjn contrastcomputegheunionof thesetsof objectsof thetwo TPOB-instanceg;ombined
with theunionof thetwo valuesassociateavith eachobjectin both TPOB-instancedrinally, thedifference
operatiorreturnghesetof objectsof thefirst TPOB-instance;ombinedwith thedifferenceof thetwo values
associateavith eachobjectin both TPOB-instances.

We first definethe intersectiorof two TPOB-instancesWe thenintroducethe union of two valuesand
two TPOB-instancesandfinally the differenceof two valuesandtwo TPOB-instances.

6.3.1 Intersection of TPOB-Instances

We formally definetheintersectiorof two TPOB-instanceasfollows. Let Iy =(m1, 1) andIs=(ms, 15) be
TPOB-instancesver the sameTPOB-schem® = (C, o, me, p), andlet ® bea conjunctionstratgy. Then
intersectionof I; andI, under®, denoted; Ng I, is the TPOB-instancér, v) overS, where:
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e 7(c) ={o€m(c) Nma(c) | v1(0) Ng 2(0) is defined}, for all c€ C.
e v(0) = vi(0) Ng 12(0), forall o € 7(C).
Thefollowing exampleillustratestheintersectioroperationon two TPOB-instances.

Example6.5 Let S =(C, 0, me, p) be the TPOB-schemaf Example4.2. Let I, andI, be the TPOB
instancesver S givenin Example4.3 andproducedn Example5.10,respectiely. Then,theintersection
of I, andI, underthe conjunctionstratey for ignorances the TPOB-instancd; Nei, 2= (mw,v) oversS,

wherer is givenby w(Priority) = {03} andn(c) =0 for all otherc € C, andv is shavn in Table18. O

Table18: v resultingfrom intersection

Lo [v(0) |
o3 | [Origin: Rome, Destination: Boston, Delivery: {((18,00),[.4,1]), ((18,31),[.3,1])},
Time: {((8,00),[.45,1])}]

6.3.2 Union of Values

We now definethe unionof two values.Let v; andvy be two valuesof the sameclassicalor probabilistic
typer. Theunionof v; andvy underadisjunctionstrat@y &, denoteds; Ug v2, is inductively definedby:

e If 7isaclassicatypeandv; = vy, thenv; Ug vo = v1.

e If 7isanatomicprobabilistictype,then

viUgve = {(v,1)€v |veVi-Vo}U{(v,Is) €ve |veVo-V1}U
{(’Uajl EBIQ) | (UaIl) €y, (’0712) 6'02}7

whereVy = {v | (v,I) €vi} andVa = {v | (v,I) € va}.

e If 7 isaprobabilistictupletypeoverthesetof top-level attributesA andall v;.A Ug v2. A aredefined,
then(v1 Ug ’UQ).A =91.A4 Ug vo.Aforall A € A.

Otherwisep; Ug v is undefined Thefollowing exampleillustratesthe abose concept.

Example 6.6 Let time bethe standarccalendamv.r.t. hour J minute, andlet & be a disjunctionstratey.
Considetthevaluesv; =v,=(12, 30) andv3=(12, 40) of theclassicatypetime. Then,v; Ug vo =v1, While
v1 Ug w3 is undefined Considemext the following valuesof the probabilistictype [[time]:

v ={((9,00),[:3,.5]), ((10,00), [.3, .6]), ((11,00), [.2,.5])}, vo = {((12,00),[-2, 4])},
v3=1{((9,00),[:3,.4]), (11,00, [-3,.6]), (12, 00), [.2, .4])} .

Then, we have vy Ug, v2 = {((9,00),[.3,.5]), ((10,00), .3, .6]), ((11,00), .2, .5]), ((12,00),[.2,.4])},
while v1 Ug, v3 = {((9,00),[.51,.7]), ((10,00), .3, .6]), (11, 00), [.44, .8]), (12, 00), [.2, .4])}.
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6.3.3 Union of TPOB-Instances

We arenow readyto definethe union of two TPOB-instancesLet Iy = (71, 1) andI, = (w9, 15) betwo
TPOB-instancesver the sameTPOB-schem& = (C, o, me, p), andlet @& be a disjunctionstratgy. The
unionof I; andI, under®, denotedl; Ug I2, is the TPOB-instancér, v) over S, where:

o 7(c) = (m(c)—m2(c))U(ma(c)—m1i(c))U{o€m (c)Nma(c) | v1(0) Ug v2(0) is defined, for all c€ C.
v1(o) if o€ m1(c)—ma(c)
e v(0) = ¢ (o) if 0 € mo(c)—m1(c)
v1(0) Ug 12(0) if oemi(c) Nma(c).
Thefollowing exampleillustratesthe union operationontwo TPOB-instances.

Example 6.7 Let S bethe TPOB-schemaf Example4.2. Let I; andI, bethe TPOB-instancesver S
givenin Example4.3 andproducedn Example5.10,respecitely. Then,theunionof I; andI, underthe
disjunctionstrat@y for positve correlationis the TPOB-instancd; Ug,, Io =1;. O

6.3.4 Differenceof Values
We now definethedifferenceof values.Let v; andvs bevaluesof the sameclassicabr probabilistictyper.
Thedifferenceof v; andv, underadifferencestratgy ©, denoted»; —¢ v, is inductively definedby:

e If 7 isaclassicaktypeandv; =wvy, thenv; —g vo = ;.

e If 7 isanatomicprobabilistictype,then

U1 =2 = {(UaIl) c v ‘ v E Vvl_VYZ} U {(UaIl © I2) ‘ (UaIl) €, (UaI2) EUQ}a

whereV; = {v | (v,I) €vi} andVa = {v | (v,I) € v2}.

e If 7 isaprobabilistictupletype overthesetof top-level attributesA andall v;.4 — v2. A aredefined,
then(vy —g v2).A =v1.A —gve. Aforall A € A.

Otherwisep; —¢g v9 is undefined.

6.3.5 Differenceof TPOB-Instances

We now definethe differenceof two TPOB-instanceslLet I; = (m,v4) andIy = (mq,1v2) be TPOB-
instancesover the sameTPOB-schem& = (C,o,=-,me, p), andlet © be a differencestratgy. The
differenceof I, andI, unders, denoted; —g Iy, is the TPOB-instancéw, v) over S, where:

e 7(c) = (m1(c)—ma(c)) U{o€mi(c) Nma(c) | v1(0) —g v2(0) is defined}, for all c€ C.

. v(0) = {Vl(o) f o€mi(c)=ms(c)

vi(0) —g 12(0) if oemi(c) Nma(c).

7 Presewation of Consistencyand Coherence

We now shaw thatall algebraicoperatorsiefinedin Sectionss and6 presere consisteng andcoherencef
schemasgndinstanceslf theinput TPOB-schemagesp.,TPOB-instancesareconsisten{resp.,coherent),
thentheoutputTPOB-schemagesp., TPOB-instancesrealsoconsisten{resp.,coherent).
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The operatorsof selection,restrictedselection,intersection,union, and differencetrivially presere
consisteng of schemasasthe input schemasoincidewith the outputschemas.Renamingand projec-
tion also presere consisteng of schemasasthey only modify type assignments.The following result
shaws that extractionand naturaljoin, andthusalso Cartesiamproductandconditionaljoin, presere con-
sisteny of schemas.

Theorem 7.1 Let S be a TPOB-stiema,and let C be a setof classesfrom S. LetS; and Sy be two
natural-join-compatilbe TPOB-stiemas.

(a) If S is consistentthen=¢(S) is consistent.
(b) If S; andSs are consistentthenS; 1 Ss is consistent.

We next concentraten the preseration of coherence Recallthatthe coherencef a TPOB-instance
I=(m,v) overa TPOB-schem& = (C, o, me, p) dependon 7, C, me, andp. The operationof selec-
tion, restrictedselectionjntersectionunion,anddifferencepresere coherencef instancesasthey do not
modify theinput TPOB-schemaandthey may only modify theinput TPOB-instanceby removing objects
andchangingvalue assignment$o objects. Similarly, renamingand projectionpresere coherencef in-
stancesasthey mayonly modify typeandvalueassignmentto classesndobjectsrespectiely. Theresult
belav shawvs thatnaturaljoin, andthusalsoCartesiamroductand conditionaljoin, presere coherencef
instances.It also shawvs that the extraction operationpreseres coherenceof instanceswhenwe do not
remove ary characteristiclasses.

Theorem7.2 LetI, I, and I, be TPOB-instance®sver the TPOB-stiemasS, S;, and S,, respectively
whee I=(m,v) andS = (C,o,me, p). Let C CC sud that{ce€C | c is characteristicfor ext(d)(o) for
somed € C andsomeo € 7(C)} C C. LetS; andS; benatural-join-compatitte.

(@) If Tis coheent,then=¢(I) is coheent.
(b) If I; andI, are coheent,thenI; < I, is coheent.

8 Implicit TPOB-Instances

We now focuson how to efficiently implementhe TPOB-instancemtroducedn Sectiord andthealgebraic
operation®on TPOB-instancepresentedn Sections and6.

Themain problemwith TPOB-instancess thatthe sizeof a TPOB-instanc&anbevery large. Table7
shaws thata probability mustbe associatedvith eachtime pointinvolved. But to statethata givenpackage
will arrive in St. Louis sometimebetweerb:30 pm and6:30 pm may (if we reasorat a minuteby minute
level) requires60 time pointsto be specified(Table 7 only shavs a coupleof time points). The numberof
time pointsincreaseeven moreif they aredefinedin a calendatbasedon secondsnsteadof minutes. The
secondoroblemis thatthelarge sizeof the TPOB-instancesauseshecostof thealgebraicoperationgo be
potentiallyhigh.

In this and the following section,we alleviate theseproblemsby defining implicit TPOB-instances,
togethemwith algebraicoperationsonimplicit TPOB-instancesAn implicit TPOB-instanceuccinctlycap-
turesa potentiallylarge TPOB value. We further shaw thattheseimplicit operationscorrectlyimplement
their counterpartin Sections and6 by solelyconsideringheimplicit (i.e. succinct)TPOB-instanceather
thanthe explicit one Hence all ourimplicit algebraicoperatorsareusuallymuchmoreefficient thantheir
explicit counterpartsFurthermorethey immediatelypresere consisteng andcoherencef schemasnd
instancestespectiely.
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The mainideabehindimplicit TPOB-instancess to useanimplicit andthusmore compactrepresen-
tation of the valuesof probabilistictypes. We generalizea constraint-basedpproachdueto Dekhtyaret

al.[13].
For example, supposewe consideran explicit value of the form v = {(1, [0.001, 0.001]), ..., (1000,
[0.001,0.001)}. This saysthatv's valueis oneof 1, ..., 1000 with someassociategrobability intervals.

Insteadof storing1000pairsof the form (z, [0.001,0.001]), we could describethe rangeof valuesvia the
constraintl < ¢ < 1000. We canstorethe probability informationin this caseby merelysayingthatthe
uniformdistribution is usedto distribute probabilityvaluesover thevalues{1, . .., 1000} andthattheentire
probabilitymassl is distributed. Thus,our generaideais to usea constraintC' to representhetime points
atwhich someeventmay possiblyhold, alower andupperprobability boundi, », anda distribution §. The
technicaldefinitionof animplicit valuewill usethesentuitions,but will includesomeadditionaltwists.

We now first describethe conceptsof constraintsand of probability distribution functions. We then
defineimplicit valuesof probabilistictypesandimplicit TPOB-instances.

8.1 Constraints

We usea constraintto implicitly specify a setof valid time points of a calendaror a setof valuesof a
classicaltypewith atotally ordereddomain,whichis givenby the setof all solutionsto thatconstraint.

An atomicconstaint for a calendarr over the lineartemporalhierarchy?y J --- O T, is eitheran
atomictime-valueconstaint (7; 6 v;), wheref € {<, <, =, #,>, >} andw; is atime valueof T;, or an
atomictime-intervalconstaint (¢; ~ t2), wherety, t, € dom(7) andt; <y to. An atomicconstaint for a
classicaltype 7 with alinearorder< onthe domaindom(r) is eitherof theform (6 v), wheref € {<, <,
=, #,>,>} andv € dom(r), or of theform (v; ~vq), wherev;, ve € dom(7) with v; < vy. We use(t;)
(resp.,(v1)) to abbreviate (1 ~ t1) (resp.,(v1 ~wv1)). A constaint for the above forms of classicaltypesr
is a Booleancombinationof atomicconstraintor 7 (thatis, constructedrom atomicconstraintgor 7 by
usingthe Booleanoperators- andA).

We now definethe semantic®f a constraintthatis, the setof time points(resp. values)thatit specifies.
A timepoints = (s1,..., s,) € dom(7) is asolutionto anatomicconstraint(7; 8 v;) (resp.,(t1 ~ t2)) for r,
denoteds |= (7;0v;) (resp.,s = (t1 ~t2)), iff s;0v; (resp..t1 <y s <g t2). A values € dom(r) is
asolutionto anatomicconstraint(6 v) (resp.,(v; ~vy)) for 7, denoteds = (0 v) (resp.,s = (v1 ~v2)),
iff s@v (resp.,v1 <s<wg). Thesolutionss € dom(7) to a constraintC' for r areinductively definedby
(i) s = —C; iff it is notthe casethats = Ci, and(ii) s = (C1 A Cy) iff s = C1 ands = Cy, for all
constraintL’y, Co. We usesol(C) to denotethe setof all solutionss € dom() to theconstraintC for 7.

8.2 Probability Distribution Functions

We now recallthewell-known concepf aprobabilitydistribution function. In thesequelwe assumehatS
is a nonemptysetof pairwisemutually exclusive eventssy, . .., s,. A probability distribution function(or
distribution functior) over S is amappingp: S — [0,1] suchthat}_ _ p(s) < 1. Themostwidely used
distribution functionis the uniformdistribution over S, denotedUs, which s the functionUg: S — [0, 1]
definedby U(s) = 1 /n for all s € S. Thefollowing aresomeotherstandardlistribution functions(where
we additionallyassumehat S hasthelinearorders; < ... < sp):
o The geometricdistribution over S for 0 < p < 1, denotedG's, , is thefunctionGs,,: S — [0, 1]
definedby G, ,(si) = p- (1 —p)i forall s; € S.
e The binomial distribution over S for 0 < p < 1, denotedBg ,, is the function Bg ,: S — [0,1]
definedby Bs, ,(s;) = (7)-p*- (1 —p)"~*forall s; € S.
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e The Poissondistribution over S for A > 0, denotedPs ,, is thefunction Pg »: S — [0, 1] defined
byPSQ\(si) =e . AZ/Z' foralls; € S.

8.3 Implicit Valuesof Probabilistic Types

An implicit valueof a probabilistictypeis afinite setof implicit tuples,a conceptborroved from [13]. An
exampleof animplicit tuple (which we defineformally below) is (1 < ¢ < 40,1 < ¢ < 100,0.5,1, u).
Thisimplicit tuple saysthatthe valid time pointsaresolutionsof thefirst constraintl < ¢ < 40 andthata
probabilitymassof 0.5to 1 is uniformly distributedover thesolutionsof thesecondconstraintl < ¢ < 100.
From this, we caninfer that thereis a probability massof 0.2 to 0.4 over the setof valid time points
{1,...,40}. Usingthisintuition, we cannow defineimplicit tuplesformally.

Let 7 be eithera calendaror a classicaltype with a totally ordereddomain. An implicit tuple for 7
is a 5-tuple (C, D, 1, u, ), whereC, D are constraintsfor 7 with ) C sol(C) C sol(D), I,u arereals
with 0 <! <wu <1, and/ is a distribution function over sol(D). If sol(C)=sol(D), thenwe use(#) to
abbreiate C.

Thereademaywonderwhy bothconstraints’, D areneededThereasonis thatC describeshevalid
values,while D describeghe valuesfrom which the probabilitiesfor solutionsof C' arederived When
selectionoperationsare performedwe canmerelyrestrictC' to the selectioncondition (by performingan
AND) ratherthancomputinga new distribution (which would be neededf D werenotused).Thus,theuse
of D eliminatesthe potentially expensve operationof computingnew distributions every time a queryis
asled.

We now defineimplicit valuesof probabilistictypesby inductionasfollows:

¢ An implicit valueof anatomicprobabilistictype[[7] is afinite setof implicit tuplesfor 7.

¢ An implicit valueof a probabilistictype [A1: 71,..., Ag: 7] is of theform [A1: vy,..., Ag: v,

wherewy, . .., vy areeithervaluesor implicit valuesof 74, ..., 7%.
In the sequelthe valuesof probabilistictypesintroducedin Section3.3 arecalledexplicit values to better
distinguishthemfrom the above conceptof implicit valuesof probabilistictypes. An implicit value of a
probabilistictypein the PackageExampleis givenbelow.

Example 8.1 An implicit value of the atomic probabilistictype [time], wheretime is the calendarover
hour Jminute, is givenby v = ((#), ((12,00) ~ (12, 59)),0.5,1,U). O

Obsere now that every implicit valuev of anatomic probabilistictype [[7] hasa uniqueequialent
explicit valuee(v), whichis definedby e(v) = { (v, [l - §(v"), w- §(v")]) | 3(C, D, 1, u, §) € v: v' €s0l(C)}.
e is aimplicit to explicit transformation Corversely every explicit valueof [r] hasat leastone equia-
lent implicit value. Thefollowing exampleillustratesthe relationshipbetweernimplicit valuesv andtheir
equialentexplicit valuese(v).

Example 8.2 Theimplicit valuewv givenin Example8.1hastheequivalentexplicit values(v) = {((12, 00),
s, %].)., ((12,01), [a5]), (12, 02), [%]),.. -5 (12, 59_),_[%])}. Notethat insteadof explicitly expressinga
probability interval for ead of 60timepoints,theimplicit valueshownin ExampleB.1 captuesthis explicit

informationvia singlestatementHence,mplicit valuesarefar moresuccinctthanexplicit ones.O

As every implicit value hasits explicit counterpartwe can easily extend the notion of consisteng
to implicit valuesasfollows. An implicit valuev ={(C4, D1,11,u1,01),--.,(Cpn, Dy, 1y, up,d,)} of an
atomicprobabilistictypeis consistentff sol(C; A C;) =0 for all 7,5 € {1,...,n} with i # j, andit holds
that =i 1 > esoi(cy) bi0i(vi) <1 <300 D00 csot(cy) Wit 0i(vi). Animplicit valuev of a probabilistic
typeis consistentff all containedmplicit valuesof atomicprobabilistictypesareconsistent.
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8.4 Implicit TPOB-Instances

Implicit TPOB-instanceassociatanimplicit valueof appropriatgrobabilistictypewith eachobject(rather
thananexplicit one).Formally, animplicit TPOB-instancever aconsistenTPOB-schem&=(C, o, me, p)
isapairl = (w,v), where(i) 7: C — 2° mapseachclassc to afinite subsebf O suchthatr(c;) N7 (co) =0
for all distinctcy, ¢, € C, and(ii) » mapseachoid o € 7(c), ¢ € C, to animplicit valueof types*(c). Wethen
definer (C), themappingr*, theconcepbf aprobabilisticextentof aclass andthenotionsof coherencand
consisteng for implicit TPOB-instancegasin Section4.3. In the sequelwe write explicit TPOB-instance
to referto the TPOB-instancedefinedin Section4.3.

Everyimplicit TPOB-instancd hasa uniqueequialentexplicit TPOB-instance(I), whichis obtained
from I by replacingeachcontainedmplicit valuev of anatomicprobabilistictype by its explicit counter
parte(v). Corversely every explicit TPOB-instancéasatleastoneequialentimplicit TPOB-instance.

Example 8.3 An implicit TPOB-instancd = (, v) over the TPOB-schem& of Example4.1is given by
themappingr in Table6 andthevalueassignment in Table19. O

Table19: Valueassignment

|0 |1/(o)
o3 | [Origin: Rome, Destination: Boston, Delivery: {((#),((18,00)~(18,31) ,-4,.9,0),

), 4,.
((#)a((12700)N(12731))72) SaG)}a Time: {((#)7((8700)N(8 10)) > ;G)}
o5 | [Origin: Paris, Destination: San_Jose, Delivery: {((#), ((12,00) ~ (12, 15)), .

]
15,1,U)}, Height: 60,
Width: 50, Depth: 40, Contents: {photos, books}, Time: {(((12,00) ~(12,05)),.3,1,G)},
STOPone: [City: New_York, Arrive: { (((14, 00)~(14, 05))V((14, 25)~(14, 30)), (14, 00)~(14, 30)),.3,1,U)},

Shipment: {((#), ((16,00) ~ (17,00)),.6,1,U)}], STOPtwo: [City: ST_Louis,
Arrive: {((#),((17,30) ~ (17,45)), .5,1,U)}, Shipment: {((#), ((18,00) ~ (18,30)),.6,1, U)}]]

9 The Implicit Algebra

In this section,we definethe algebraicoperationsof selection,restrictedselection,naturaljoin, andthe
setoperationf intersectiorandunionon implicit TPOB-instancesThe operationof projection,extrac-
tion, Cartesiarmproduct,andconditionaljoin areindependenof the kind of valuesof eachobject,andthus
definedin exactly the sameway for explicit andimplicit TPOB-instancesWe shav thateachandevery
operationof the implicit TPOB-algebracorrectly implementsits explicit counterpart. Figure 1 provides
a diagrammatiaepresentatioof what theseresultslook like for unary operatorqa similar figure canbe
shawvn for binary operators).For unary algebraicoperatorsop, the correctnessheoremsare of the form

e(op*(I)) = op®(e(I)). Weuseop’ (resp.op®) to denotetheimplicit (resp.explicit) versionsof the operator
op. Similar correctnessesultsarealsoshavn to hold for binaryalgebraicoperatorsWheneer we applyan

algebraicoperatiorop, we cantell by thetype of agument(explicit TPOBinstanceor implicit) whetherthe
operatoris onefrom the explicit or from the implicit algebra.Hence we will usuallyjust write op instead
of op®, op* asthis canbe determinedrom context.
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9.1 Selection

In orderto definethe selectionoperationon implicit TPOB-instancesdt is sufficient to definehow to eval-
uatepathexpressionsandhow to assesshe probability thatanimplicit value satisfiesan atomicselection
condition. The valuationof selectionconditions,the satishctionof probabilisticselectionconditions,and
theselectiononimplicit TPOB-instancearethendefinedin the sameway asin Section5.1.2.

We first definehow to evaluatepathexpressionslLet P beapathexpressiorfor the probabilistictype .
Thevaluationof P underanimplicit valuev of 7, denotedv. P, is definedby:

o ifv= [A1 PV, ..., Ag Uk] andP = A;, thenv.P =v;;

e fo= [Al PULy ..., Ag ’Uk] andP = A;.R, thenv.P=v;.R;

o If ’U:{(Cl, Dy, 11, u1, (51), ceey (Ck, Dy, 1y, ug, (5k)} andP:[[R]], thenv.P:{(Cl, Dy, ly,u1,61, R),

..+, (Ck, Dy, l,, ug, 0k, R) }. We call suchsetsgenealizedimplicit valuesof 7 ;
e Otherwisep.P is undefined.

Givenanimplicit TPOB-instancd = (, v) overaTPOB-schem®& = (C, o, me, p), we now definethe
meaningof anatomicselectioncondition¢ w.r.t. anobjecto in I. Asin Section5.1.2,we associatevith
each¢ a closedsubinteral of [0, 1], which describeghe rangefor the probability that the objecto in I
satisfiesg. This probability is computedin a similar way asin Section5.1.2, basedon the translatione
from implicit to explicit values.More formally, theprobabilisticvaluationof ¢ w.r.t. I andoen(C), denoted
proby,, is definedasfollows (where® is the disjunctionstratgy for mutualexclusion):

e proby,(in(c)) = [min(ext(c)(0)), max(ext(c)(0))].

e Let P beapathexpressiorfor thetypeof o. If v(0).P is avalueof aclassicatype,thendefineV =
{((#), (v(0)),1,1,U, P)}, elseif v(o).P is a generalizedmplicit value of an atomic probabilistic
type,thendefineV = v(0).P. OtherwiseV is undefined.

@E, I, if Visdefined

by (POv) =
proby,(P 6 v) { undefined otherwise,

wherel, ..., I} aretheintenals [l - §(w), w - 6(w)] suchthat(C, D,l,u,§,S) € V, w € sol(C), and
w.S 8 v, if V is defined.Notethatproby ,(P 6 v) is undefinedjf somew.S 6 v is undefined.

e Foreachi € {1,2}, let P, beapathexpressiorfor thetypeof o. If v(0).P; is avalueof aclassical
type,thendefineV; = {((#), (v(0)),1,1,U, P;)}, elseif v(0).P; is ageneralizedmplicit valueof an
atomicprobabilistictype,thendefineV; = v(o).P;. OtherwiseV; is undefinedThen,

@®F I, if Vi andV; aredefined

by (P 0g P) =
proby, (P O P») {undefined otherwise,

WhereIl, A ,Ik is thelist of all intervals [11 . (51 (’Ul), Ui - (51 (’Ul)] ® [lg . (52(’02), u9 - (52(’02)] suchthat
(Ci, Di, Ui, uiy 6;,S;) € Vi, v €s0l(C;), andvy.S1 0v9.S9, if Vi and V; are defined. Obsere that
prob I,O(Pl 0g P») is undefinedjf somewv;.S1 8 v9.55 is undefined.

Thefollowing exampleshavs someprobabilisticvaluationsof atomicselectionconditions.
Example 9.1 Considerthe implicit TPOB-instancd = (, v) of Example8.3. The atomicselectioncon-
dition ¢ = Delivery > (18, 25) is assigned0, 0] and[.075,.169] underproby ,, andproby ,,, respectiely.
Here,[.075,.169] = @?:1[.0125, .0281], wherethe six intenals [.0125, .0281] areassociateavith the six
time points(18, 26), ..., (18, 31) of thevalueof objectoz attheattribute Delivery. O
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Thefollowing resultshavs thatselectionon implicit TPOB-instancesorrectlyimplementsts counter
parton explicit TPOB-instancesThatis, the mappinge commuteswith o.

Theorem 9.2 (correctnessof selection) Let I be an implicit TPOB-instancever a TPOB-stiemas, and
let ¢ bea probabilistic selectioncondition. Then,

op(e(T)) = elop(I)). (1)

9.2 Restricted Selection

In orderto definethe restrictedselectionoperationon implicit TPOB-instancesit suficesto definethe
restrictedselectionon implicit values. Restrictedselectionon implicit TPOB-instancess thendefinedin
thesameway asin Section5.2.

Let 7 bea probabilistictupletype,andlet v = [A1: vy, ..., A v;, . . ., Ag: vg] beanimplicit valueof 7.
Let ¢ beanatomicselectionconditionof theform P 6 w, whereP is apathexpressiorfor 7. Therestricted
selectionon v with respecto ¢, denotedy (v), is definedby:

e If v; isavalueof aclassicatype, P = A;, andv; 0 w, thena;;(fu) =.

e If v; is animplicit valueof anatomicprobabilistictype,and P = 4;, thenoy (v) is obtainedfrom v
by replacingv; by {((8 w) A C, D,l,u,6) | (C,D,l,u,0) € v;, sol((Qw) AC)#0D}.

e If v; isanimplicit valueof a probabilistictupletype,andP = A;.R, theno;(v) is obtainedrom v by
replacingu; by 0% 4, (vi).

e Otherwisegy(v) is undefined.

Example 9.3 Considerthe implicit TPOB-instancd = (r,v) of Example8.3 and the atomic selection
condition ¢ = Delivery > (18, 25). The restrictedselectionon I with respecto ¢ is given by the implicit

TPOB-instancery(I) = (7', 1), wheren’(Priority) = {03}, n'(c) = 0 for all otherclasses:, andv'(03) =

[Origin: Rome, Destination: Boston, Delivery: {(((18,26) ~ (18,31)), ((18,00) ~ (18,31)),.4,.9,U)},

Time: {((#), ((8,00) ~ (8,10)),.4,1,G)}]. O

The following theoremshaws that restrictedselectionon implicit instancescorrectly implementsits
counterparbn explicit instancesThatis, themappinge commuteswith o.

Theorem 9.4 (correctnessof restricted selection) LetI beanimplicit TPOB-instancevera TPOB-ste-
maS = (C, o, me, p). Let¢ beanatomicselectiorconditionof theform P 6 v, whee P is a pathexpression
for everyo(c) withceC. Then,

ol(e(M) = e(o%(I). 2)

9.3 Renaming

To definerenamingon implicit TPOB-instancesywe needto definerenamingon implicit values,which is
thenextendedo implicit TPOB-instance# the sameway asin Section5.3.
Let C bea constraintfor the classicaltype 7, andlet N be arenamingconditionfor . The renaming
on C with respecto N, denoteddx (C), is obtainedrom C by replacingevery valuev; in C by dx (v;).
Let N bearenamingconditionof theform P < P’ for the probabilistictupletyper = [A1: 4, ...,
Ap: 7p). Letv = [A1: v1,..., An: vy] beanimplicit valueof . Therenamingon v with respecto N,
denotediy (v), is definedby:

o If P=A; andP' = A/, thendy(v) is obtainedirom v by replacingA; by A;'.



INFSY S RR 1843-02-08 33

e If P=A,.[R], P'=A;.[R'], andv; is a value of an atomic probabilistictype, theny (v) is ob-
tainedfrom v by replacingevery (C, D, [, u, p) € v; by (§rr' (C),0rr (D), 1, u, p05;zLR,), where
7+ p denotesheinverseto dg. g : sol(D) — sol(dpe g (D)).

e If P=A;.R, P'=A;.R', andv; is notavalueof anatomicprobabilistictype,thendy (v) is obtained
from v by replacingv; by 6z g (v;).

LetN = Py,..., P + P/,..., P/ bearenamingconditionfor 7. Therenamingon v with respecto N,
denotedy (v), is definedasthe simultaneousenamingon v with respecto all P; + P;'.

Thefollowing resultshavsthattherenamingonimplicit TPOB-instancesorrectlyimplementsts coun-
terparton explicit TPOB-instancesThatis, the mappinges commuteswith §y .

Theorem 9.5 (correctnessof renaming) LetI beanimplicit TPOB-instanc@ver the TPOB-stiemaS =
(C,0,=,me, p), andlet N bearenamingconditionfor everyo(c) with ¢ € C. Then,

on(eM) = e(dn(D).

9.4 Natural Join

In orderto definethe naturaljoin operationon implicit TPOB-instancesye needto definethe intersection
of two implicit values.Thejoin of two implicit valuesandthejoin of two TPOB-instancearethendefined
in thesameway asin Section6.1.

Let v; andvy beeithertwo valuesof the sameclassicatype = or two implicit valuesof the sameproba-
bilistic typer, andlet ® bea conjunctionstratgy. Theintersectionof v; andvs under®, denoteds; Ng v2,
is inductiely definedasfollows:

e If Tisaclassicatypeandv; = vo, thenv; Ng vy = 1.
e If 7 isanatomicprobabilistictypeandw # @, thenv; Ng v2 = w, where:

w = {((#),(),l,u,U) | I(C1,D1,l1,u1,01) €v1, (Ca, Da,l2,uz,62) € va:
v E SO](Cl A 02), [l,u] = [11 . (51(’0),’(1,1 . 51(1))] ® [ZQ - (52(’0),’[1,2 . 52(’0)]} .
¢ If 7 isaprobabilistictupletypeoverthesetof top-level attributesA , andall v;.ANgv2. A aredefined,
then(v; Ng v2).A =v1.ANg ve. Aforall A € A.

e Otherwisep; Ng vo is undefined.

Thefollowing exampleillustratestheintersectiorof two implicit valuesof atomicprobabilistictypes.
Example 9.6 Let time bethestandarctalendam.r.t. hour J minute, andlet ®;, bethe conjunctionstrat-
egy for independenceConsidemow thefollowing implicit valuesof the atomicprobabilistictype [[time]):

v1={(((9,41) ~ (9,45)), ((9,41) ~ (9,50)), .5, 1, U)}, va={(#), ((9,44) ~ (9,48)), .2, 1,U)}

Then, vy N, v2 = {((#), ((9,44)),.04,.004,T), ((#), ((9,45)),.04,.004,U)}. O

Theresultbelov shavs thatjoin on implicit TPOB-instancess correct,i.e. the mappinge commutes

Theorem 9.7 (correctnessf natural join) LetI; andI, betwoimplicit TPOB-instancesverthenatural-
join-compatibleTPOB-stiemasS; andS,, respectivelyLet ® bea conjunctionstrategy. Then,

6(11) Mg 8(12) = 6(11 Mg IQ) . (3)
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9.5 Intersection, Union, and Difference

To definetheintersectionpnion,anddifferenceof two TPOB-instancesye needto definetheintersection,
union, and difference,respectiely, of two implicit values,which are then extendedto implicit TPOB-
instanceausingmethodssimilar to thoseof Section6.3. Intersectiorof two implicit valueswasdefinedin
the precedingsection.Union anddifferenceof two implicit valuesaredefinedbelow.

Let v; and vy be eithertwo valuesof the sameclassicaltype = or two implicit valuesof the same
probabilistictyper, andlet @ (resp.,©) beadisjunction(resp. difference)strat@y. Theunionof v; andvy
under®, denotedy; Ug v, is inductively definedasfollows:

e If 7 isaclassicatypeandv; = vy, thenv; Ug v = v1.

e If 7 isanatomicprobabilistictype,then

viUgve = {(CiA=CsD1,l1,u1,81) | (Cr,D1,l1,u1,81) € vy, s0l(Cy A =Cs) # 0} U
{(Cy A=Ch, Do, 1y, us,0) | (Ca, Da,la,usz,82) € va, s0l(Cy A=Ch) # 0} U
{((#), (), l,u,U) | 3(Cy1, D1,11,u1,61) €v1,(Ca, Do, la, uz, d2) € va:
v € s0l(Cy A C3), [l,u] = [I1-61(v),u1 - 61(v)] @ [la - d2(v), ug - d2(v)]},

where@, i € {1,2}, denoteghelogical disjunctionof all C; suchthat(C;, D;, ;,u;, 6;) € v;.

e If 7 isaprobabilistictupletypeoverthesetof top-level attributesA andall v;.AUg v2.A aredefined,
then(v1 Ug UQ).A =91 A Ug vo.Aforall A € A.

e Otherwisep; Ug v9 is undefined.

Thedifferenceof v; andve undero, denotedy; —g v, is inductively definedasfollows:

e If 7 isaclassicatypeandv; = vy, thenv; —g vo = 1.
¢ If 7 isanatomicprobabilistictype,then

V1 —al2 = {(ClA_'GQ,Dl,Zl,Ul,(Sl) | (ClaDlallaula(sl)EUla SOI(CI/\_'GQ) #@}U
{((#)a (U)alaua U) | H(ClaDlallaul,al) €1, (CQ,DZ,ZZ,U%(S?) SEO
v € s0l(Cy A C3), [l,u] = [l1-61(v),u1 - 61(v)] © [lg - d2(v), ug - d2(v)]},

where@-, i €{1,2}, denoteghelogical disjunctionof all C; suchthat(C;, D;, ;,u;, 6;) € v;.
e If 7 isaprobabilistictupletype overthesetof top-level attributesA andall v;.A — v2. A aredefined,
then(v; —g v2).A =v1.A —gve. Aforall A € A.
e Otherwisey; —g w9 is undefined.
The following theoremshaws that the intersection,union, and differenceof implicit TPOB-instances
correctly implementtheir counterpartson explicit TPOB-instances. That is, the mappinge commutes
with Ng, Ug, and—g, respectiely.

Theorem 9.8 (correctnessof intersection, union, and difference) Let I, and Iy be two implicit TPOB-
instancesover the sameTPOB-sbiemas, andlet ® (resp.,®, ©) be a conjunction(resp.,disjunction,
difference)strategy. Then,

e(I1) Nge(la) = e(I1Ng o), 4)
e(I1) Uge(la) = e(I1Ug L), 5)
eli) —oe(l2) = el —ol). (6)
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9.6 CompressionFunctions

The implicit operationsof naturaljoin, intersectionunion, and differencemay generatamplicit TPOB-
instanceghat containa large numberof implicit tuples. Adoptinganideafrom [13], we now definecom-
pressiorfunctionsthroughwhich suchimplicit TPOB-instancesanbe mademorecompact.

A compessionfunctionT" for anatomicprobabilistictype 7 is afunctionthatmapsevery implicit value
v of 7 to animplicit valueI'(v) of 7 suchthat(i) |T'(v)| < |v|, and(ii) thereexistsabijectionbetweere(v)
ande(T'(v)) thatmapseach(v, [I, u]) € e(v) to apair (v, [I,u']) €e(T'(v)) suchthat! < u' < u.

Example 9.9 Let 7 be an atomicprobabilistictype. The same-distribition compessionfunctionT" maps
every implicit valuew of 7 to theimplicit valueT'(v), whichis obtainedirom v by iteratively replacingary
two distinct(C’l, Dy, u, (5), (CQ, Do, l,u, (5) € v with SO](Dl) = SO](DQ) by (Cl Vv Cy, D1, 1, u, (5)

We now definethecompressiomf implicit valuesof probabilistictypes.Here,we assumehatfor every
atomicprobabilistictype 7, we have somecompressioriunctionI’,. More formally, let v be eitheravalue
of a classicaltype , or animplicit valueof a probabilistictype 7. The compessionof v, denoted(v), is
inductively definedasfollows:

¢ If 7isaclassicatype,thenI'(v) = v.
¢ If 7isanatomicprobabilistictype,thenl(v) = I';(v).

e If 7 is aprobabilistictuple type over the setof top-level attributesA,,
thenI'(v).A =T'(v.A) forall Ac A.

We finally definethecompressiomf implicit TPOB-instanceasfollows. LetI = (w,v) beaTPOB-in-
stanceoverthe TPOB-schem® = (C, o, =, me, p). Thecompessionof I, denoted’(I), is definedasthe
TPOB-instancé, V') over S, wherev/ (o) = T'(v(0)) for all 0 € 7(C).

10 Conclusions

Therearenumerousapplicationsvhereobjectmodelsare naturallyusedandwheretemporaluncertaintyis
a critical part of the application. A naturalplaceto startis shippingandtransportatiorcompanies.These
companieautilize numerousdifferent kinds of resourcedqairplanes,ships, and trucks, all with different
capacitiesfuel requirementsfuel consumptionservicingneeds,and other properties)and ship hundreds
of thousand®f itemsdaily. The propertiesof thesevehiclesvary dramatically(asthe propertiesof ships,
planesandtrucksareall very different). Theitemsbeingshippedalsohave diversepropertiegcommercial
shipperssuchas CSX ship everythingfrom package®f papersto machineparts,vehicles,andhazardous
materials gachwith very differentproperties) Suchshipperausepredictionprogramghatprovide temporal
projectionsthatarecharacterizedy uncertainty Theseprojectiongandtheotherdatadescribedhbove) are
usefulin awide rangeof decisionmakingactiities rangingfrom schedulingo assetllocationproblems.
The ability to querythe above datain the presencef suchtemporallyuncertainprojectionsis critical for
suchdecisionmaking.

In this paperwe have madeafirst attemptto dealwith temporaluncertaintyin object-basedystemsWe
have provided a datamodelandalgebraicoperationgor suchsystems.The datamodelallows to associate
with eventse a setof possibletime pointsT andwith eachtime pointt¢ € T anintenal for the probability
thate occurredatt. We have presentedxplicit objectbaseinstanceswherethe setsof time pointsalong
with their probability intervals are simply enumeratedandimplicit ones,wherethe setsof time pointsare
expressedy constraintaandtheir probability intervals by probability distribution functions. Thus,implicit



36 INFSY S RR 1843-02-08

objectbaseinstancesresuccinctrepresentationsf explicit onesithey allow for anefficientimplementation
of algebraicoperationswhile their explicit counterpartsnake definingalgebraicoperationsasy We have
definedour algebraicoperationson both explicit andimplicit objectbaseinstancesandshawvn that each
operationonimplicit objectbaseinstancesorrectlyimplementsts counterparbn explicit instances.

Therearenumeroudirectionsfor futureresearchBuilding physicalcostmodelsandcostbasedjuery
optimizersfor TPOBsis a major challengethat mustbe addressed applicationssuchasthe packageand
stockmarket exampleareto scaleup for heary duty use. Building mechanismso updatesuchdatabases
posesyetanotherchallenge Building view creationandmaintenancealgorithmsprovidesathird challenge.
Developinganimplementatiorof (theimplicit versionof) TPOBsposesa fourth major challengeasit will
provide atestbedor all thealgorithmsresultingfrom the otherproblemsmentionechere.
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Appendix A: Proofsfor Section7

Proof of Theorem 7.1. (a) Let S=(C, o, =, me, p), andlet E¢(S) =S’ = (C', o/, =/, me’, p’). Assume
that$ is consistentThatis, thereexistsamodele: C — 2© of S. Letthemappinge’: €' — 2° bedefined
bye'(c) = e(c) forall ¢ € C'. Wenow shaw thate’ isamodelof S’. C1lholds,ase(c) # () for all classes €

C impliese’(c) # 0 for all classeg € C'. Wenext shav C2. Considettwo classeg, c; € C' suchthate; =/

co. Thatis, somepathd; = dy = --- = d}, existssuchthatd; = c¢1, dy = co, andds, ..., dx_1 € C —C'.

Ase(dy) Ce(dy) C -+ Ce(dy), it thusfollowse(cy) C e(cq). Wenow provethatC3holds.Letey, ¢ € C'

be two distinctclasseghatbelongto the sameclusterP’ € me'(c) for somec € C'. Thatis, thereexistsa
clusterP € me(c) suchthat,for i € {1,2}, eitherc; belongsto P or ¢; is a propersubclas®f a classin P.

As C2andC3holdfor e, it thusfollows thate(ci) N e(c2) = 0. This shavs that C3 holds. We finally prove
C4. Considerntwo classes:,cy € C' suchthatc; =’ ¢o. Thatis, somepathd; = dy = --- = d}, exists
suchthatd; = c1, d, = c2, andds,...,dy_1 € C — C'. Moreover, it holdsg'(c1,c2) = f;ll p(d; ditq).

As C4 holdsfor ¢, it follows that |e(d;)| = p(d;, di+1) - le(di+1)| for all i e {1,...,k — 1}. Thisshaws
thatle(cr)| = 15! p(di, div1) - |e(ca)], thatis, |€'(c1)| = g (c1, ¢2) - €' (¢2)|. This provesC4.

(b) LetS; = (C1, o1,=>1,meq, pl), So= (CQ, 02, =>2,1N€Q, pg), and81 < So= (C, o, =,Ine, p) Leteq :
C1 — 291 ande, : C; — 292 bemodelsof S; andS,, respectiely. Let the mappinge : C — 29, where
C =C1 x Cy andO = 07 x Oy, bedefinedasfollows:

5(0) = 51(01) X 62(02), forall ¢c = (01,02) eC.

We now shaw thate is a modelof S. We first prove C1. Sincee;(c;) # 0 for all classes; € ¢; and
eo(ca) # 0 for all classes:, € Cy, we gete(c) # 0 for all classes: € C. We next shav C2 andC4. Let
¢ = (c1,¢9),d = (d1,ds) € C with ¢ = d. Withoutlossof generality we canassumehate; = d; and
co = dy. Sincee; isamodelof Sq, it holdsthate; (¢1) C e1(d1) andlei(c1)| = p1(c1,d1)|e1(dr)|. Hence,
it immediatelyfollows e(c) C e(d) and|e(c)| = p(c,d) - |e(d)|. Wefinally prove C3. Lete, d € C betwo
distinct classeghat belongto the samecluster? € |Jme(C). Without lossof generality we canassume
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thatc;, d; € C; belongto the sameclusterP; € |Jme;(C;) andthatc, = dy. Sincee; is amodelof Sy, it
holdsthate; (c1) Nei(di) = 0. Thus,e(c) Ne(d) = 0. O

Proof of Theorem 7.2. (a) LetI = (m,v) andEc(I) = I' = (#,/). LetS = (C,0,=, me, p) and
Ec(S)=S"=(C",¢',=',me, p’). Towardsa contradictionsupposehatI’ is not coherent.Thatis, there
existsaclassc € C' andanobjecto € 7'(c) suchthatp;,ps € ext’(c)(o) with p; # ps. Hencethereare
atleasttwo distinctclassesl;,ds € C' suchthat(i) o € (7')*(d;) andc (=')*d;, and(ii) d; is minimal

under(=")* with (i), and (iii) p; is the productof edgeprobabilitiesfrom ¢ up to d;. As C containsall

characteristiclassedor ext(c) (o), thereareatleasttwo distinctclassesgl; € C suchthat(i) o € 7*(d;) and
¢ =* d;, and(ii) d; is minimalunder=-* with (i). Thisimpliesthatpi, ps € ext(c)(0). But this contradicts
S beingcoherent.

(b) LetS; = (Cl, o1,=1,mmeq, pl), So = (CQ, 092,=9,1Ne€y, pz), andS; 1 So =S = (C, o,=,Ine, p) Let
I, = (m,11), Io = (m2,12), andI; < I, = I = (w,v). Towardsa contradiction,supposethatI is
not coherent.Thatis, thereexistsa classc = (c1,c2) € C andanobjecto = (01,02) € 7(c) suchthat
p',p? € ext(c)(o) with p' # p%. Hence,thereareclassesi' = (d},d}),d?> = (d?,d2) € C suchthat(j)
o € n*(d*) andc =* d', (i) d* is minimal under=-* with (i), and(iii) p’ is the productof edgeprobabilities
from c upto d'. Thus,c, d*, andd? arepairwisedistinct. Moreover, p' = pl-p} andp? = p?- p2, where
p}; is the productof edgeprobabilitiesfrom ¢; up to d. Supposeow ¢; = dj. Then,o € 7*((c1,d3)),
¢ =* (c1,d3), and(c1,d%) =* d?. By the minimality of d2, it thenfollows ¢; = d} = d2, andthus
pi = p? = 1. Moreover, if di = d?, thenpl = p?. Thus,asp; # p2, we canassumewithout loss of
generalitythat c1, d}, andd? are pairwisedistinct. As S; is coherentthereis somed} € C; suchthat
o1 € 7(dY), ¢ =* df, &Y =* d}, andd} =* d2. Without lossof generalitywe canassumehatd? # di.
Hence,o € m*((dY,d})), c =* (49, d3), (dY,d}) =* d*, and(d?,d}) # d*. Butthis contradictsd' being
minimal under=* with (i). Hence I is coherentO

Appendix B: Proofsfor Section9

For the proof of Theorem9.2, we needthe following lemma, which saysthat the valuationof path ex-
pressionsunderimplicit valuescorrectlyimplementsthe valuationof pathexpressionsinderexplicit val-
ues. Here,the mappinge is extendedto generalizedmplicit valuesasfollows: Every generalizedmplicit
valuew = {(C1, D1,l1,u1,61,S5),...,(Ck, Dk, lg,uk, 6, S)} is associatedvith the generalizedxplicit
Values(w) = {(w,a I, S) | (wla I) € 5({(017 Dy, by, u, 51), R (CkH Dy, U, ug, Jk)})}

LemmaB.1 Let P bea pathexpressionfor the probabilistictyper, andv beanimplicit valueof 7. Then,
e(v.P) = ¢€(v).P. (7)

Proof. It is sufficient to shaw thate(v.P) = ¢(v).P holdsfor every implicit valuev of anatomicproba-
bilistic typer. Letv = {(Cl,Dl,ll,ul,Jl), . (Ck,Dk,lk,’U,k, (Sk)} andP = [[R]] Then,
6(’1}.P) = 6({(01,D1,11,U1,(51,R), a(CkaDkalkaukaékaR)})
= {(UJ I R) | (U) ’I) € 5({(01,D1,11,U1,61),. R (CkaDkalkaukaék)})}
= {1 ) | (w', 1) € e(v)}
(

= ¢(v).P
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Proof of Theorem 9.2. It is sufficient to shav thatthe valuationof atomicselectionconditionswith respect
to implicit TPOB-instancess correct.Let I = (7, v) beanimplicit TPOB-instancever the TPOB-schema
S = (C,0,=,me, p), andleto € 7(C). Let & bethedisjunctionstratgy for mutualexclusion.Then,
e proby ,(in(c)) = [min(ext(c)(0)), max(ext(c)(0))] = prob,p ,(in(c)).
e Let P beapathexpressiorfor thetypeof o. If v(0).P is avalueof aclassicakype,thendefineV =
{((#), (v(0)),1,1,U, P)}, elseif v(o0).P is a generalizedmplicit value of an atomic probabilistic
type,thendefineV = v(o).P. OtherwiseV is undefined.

@F I, if Visdefined

b (POv) =
proby,e(P6v) { undefined otherwise,

wherelq, ..., I} aretheintenals [l - 6 (w), u - §(w)] suchthat(C, D, 1, u,d,S) € V, w € sol(C), and
w.SOv,if V isdefined.Thatis, theintenals[!’, u'] suchthat(w, [l v], S) € e(V) andw.S O v, if V
is defined.By LemmaB.1 andase({((#), (v(0)),1,1,U, P)}) = {(v(0),[1, 1], P)}, it follows that

proby (P 0 v) = prob,(p (P 0v).

e Foreachi € {1,2}, let P, bea pathexpressiorfor thetypeof o. If v(0).P; is avalueof aclassical
type,thendefineV; = {((#), (v(0)),1,1,U, P;)}, elseif v(0).P; is ageneralizedmplicit valueof an
atomicprobabilistictype,thendefineV; = v(o).P;. OtherwiseV; is undefined.Then,

@le I; if V; andV; aredefined

by (P 0g P) =
probro(P10g 12) {undefined otherwise,

WhereIl, A ,Ik is thelist of all intervals [ll . (51 (Ul), ui - (51 (’U1)] ® [lg . 52(’1)2), u9 - (52(1)2)] suchthat
(Ci, Di, L, ug, 65, S;) € Vi, v; €s0l(Cy), andvy .Sy O v2.5,, if Vi andV; aredefined.Thatis, thelist of
allintenals[l1',u1'] ® [I2', uo'] suchthat (v;, [I;',u;'], S;) € e(V;) andwvy.S1 6 v2.Ss, if V1 andV; are
defined.By LemmaB.1 andase({((#), (v(0)),1,1,U, P;)}) = {(v(0), [1,1], ;)}, it follows that

pI‘ObI,O(Pl 9@ PQ) = pI‘Obg(I),O(Pl 9@ PQ) .
This shavs thatproby ,(¢) = prob, ) ,(¢) for all atomicselectionconditionss. Noticethatthis statement
alsoincludesthatproby ,(¢) is definediff prob, ) ,(¢) is defined.0

Proof of Theorem 9.4. It is suficient to shav that the restrictedselectionon implicit valuesof atomic
probabilistictypesis correct. Let 7 = [A;: 71,...,Ar: 7¢] be a probabilistictuple type, andlet v =
[A1: v1,...,Ag: vg] beanimplicit valueof 7. Let ¢ = A;.C, wherei€{1,...,k} andC is a constraint,
andlet ; beanatomicprobabilistictype. Then,
e{(CANC'",D,l,u,d) | (C',D,l,u,d) € v, sol(CANC") # 0})

= {(v/,[l-0(vi"),u-6(v;")]) | 3(C', D,l,u,d) € v;: v’ €s0(CAC")}

= {(v/,[l',u]) € e(v;) | vi' €s0l(C)}.
This shavsthate(oy, (v)) = og(e(v)). O

Proof of Theorem 9.5. It is sufficient to shav thatthe renamingof singleattributesinsideimplicit values
of atomic probabilistictypesis correct. Let N be a renamingconditionof the form A;.[R] + A;.[R']
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for the probabilistictupletyper = [A;: 71,..., A, 7,], WwhereT; is anatomicprobabilistictype, andlet
v=_[A1:v1,...,A,: v,] beanimplicit valueof . Then,

e({(6rer (C),0rc 1 (D), 1,u,p0 5 _g) | (C,D,l,u,p) € vi})
= {1 p(Ogi g (vi")),u- p(Op (")) | 3(C, D, 1,u, p) € vi: v €016 (C))}
= {rer (v), [l p(vi");u-p(vi')]) | 3(C, D, 1, u, p) € vi: v’ €s501(C)}
= {(Orer (vi), [lI',]) | (vi', [I',w']) € e(vi)}-

Thisshavs thate(dn (v)) = dn(e(v)). O

Proof of Theorem9.7. It is sufficient to shawv thattheintersectiorof two implicit valuesof thesameatomic
probabilistictypeis correct.Let v; andvy betwo valuesof the sameatomicprobabilistictype,andlet ® be
aconjunctionstratgy. Then,

e({((#), (v),l,u,U) | 3(C1, D1,1l1,u1,81) €v1,(Ca, Da,l2,us,d2) Eva:
v € 80l(C1 A Ca), [l,u] = [l1 - 81(v),u1 61 (v)] @ [l2 - 62(v), ug - d2(v)]})
= {(v,[l,u]) | 3(C1, D1,l1,u1,61) Ev1,(Ca, Da,la,uz,d2) € vo:
v € 50l(C1 A Ca), [l,u] = [l1-01(v),u1 - 01 (v)] ® [l2 - 62(v), ug - d2(v)]}
= {l, [ wT@ [l u2]) | (v, [l ud']) €e(vr), (v, [l2, ua']) €£(v2)} -

Thisshavsthate(vi Ng v2) is definediff e(v1) Ng £(v2) is defined.Moreover, if they arebothdefined then
e(v1 Ng v2) = €(v1) Ng &(v2). O

Proof of Theorem 9.8. Equation(4) follows immediatelyfrom the proof of Theorem9.7. We next prove
Equation(5). It is sufficient to shawv thatthe union of two implicit valuesof the sameatomicprobabilistic
typeis correct.Let v, andvy betwo valuesof the sameatomicprobabilistictype,andlet & beadisjunction
stratgy. Then,

e(v1 Ug v2)

= e({(C1 A~Cy,D1,l1,u1,61) | (C1, D1,y u1,61) € vr, s0l(Cy A—Cy) £ 0} U
e({(Co A ~C1, Do, ls, us,85) | (Co, Da, la, us, 62) € va, s0l(Ca A =C1) # 0}) U
e({((#), (), L,u,U) | I(Cy, D1,l1,u1,01) €Ev1,(Co, Da,la,ug,02) €Evo:

v € 80l(Cy1 A Cy), [l,u] = [l1-81(v),u1 - 61 (v)] ® [l2 - 62(v), ug - d2(v)]})

= {(v1, [l -1 (v1"), w1 - 61(v1")]) | I(Ch, D1, by, ur, 61) € vy 01! €501(Cy) — s0l(Ca) }U
{(va', [l2 - 62(ve'), ug - d2(v2")]) | I(Ca, Da,l2,uz, d2) € v : vo' € s0l(Ca) — sol( Al)}U
{(v, [l ur"1 @ (12", u]) | (v, [, wa"]) € €(vr), (v, [I2", un']) € €(va)}

= {(v", [l ur"]) €e(vr) | v1! & s0l(Ca)} U{ (e, [Io', u']) € e(va) | va' & sol(Cy)}U
{(v, [l T @ [I2", u]) | (v, [l wa"]) € e(v1), (v, [l2", ua']) € €(w2)}

= e(v1) Ug e(va) .

Wefinally prove Equation(6). Again, it is suficientto shav thatthe differenceof two implicit valuesof the
sameatomicprobabilistictypeis correct.Let v; andvy betwo valuesof the sameatomicprobabilistictype,
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andlet © beadifferencestratgy. Then,

e(vy —g v2)
= e({(Cy A=Cy, Dy, 1y, u1,61) | (C1, Dy, l1,u1,81) €1, s0l(Cy A =Cy) # 0}) U
e({((#), (v),l,u,U) | 3(Cy, D1,l1,u1,61) €Evy, (Co, Da,la,ug,d2) € vo:
v € s0l(Cy A C3), [l u] = [I1+61(v),uy - 61(v)] © [la - d2(v), ug - d2(v)]})
= {(v, [l u1']) €e(v1) | 02 & s0l(Co)}U
{(v, [, w'T© [l ud")) | (v, [l un']) € e(v1), (v, [lo”, ua']) € €(v2)}

= e(v1) —oe(ve). O

Appendix C: Table of Commonly UsedSymbols

Table20: Notation

| Symbol | Description | Section]

I71 atomicprobabilistictype 3.3
C setof classes 4.1
a(c) typeassignmenof aclassc 4.1
= immediatesubclasselationship 4.1
=* subclasselationship(i.e., reflexive andtransitive closureof =) 4.1
me(c) partition of the subclassesf a classce 4.1

plcr,e) conditionalprobabilitythatan objectbelongsto a classc;
giventhatit belongsto animmediatesuperclass, 4.1
S=(C,o0,me, p) TPOB-schema 4.1
¢ mappingfrom the setof classedo a setof objects 4.1
m(c) setof objectidentifiersin a classc 4.3
v(0) valueof anobjecto € 7(c) 4.3
I=(m,v) TPOB-instance 4.3
ext(c)(o) probabilitieswith which anobjecto belongsto aclasse 4.3
7*(c) objectidentifiersin ¢ andall subclassesf ¢ 4.3
a*(c) inheritancecompletionof atypeof aclassc 4.2
€ mappingfrom implicit values(instances) 8.3

to explicit values(instances)
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